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Quantum-Classical Gaps and
Quantum Shallow Circuits

Matthew Fox

Supervisor: Robert Spekkens

Quantum mechanics (QM) can be operationally construed as a
generalized probability theory based on the theory of Hilbert
spaces. In this view, it is natural to wonder if QM is in fact differ-
ent from classical probability theory, or if it is just a syntactically
distinct but nevertheless probabilistically identical formalism.

That QM does indeed transcend classical probability theory fol-
lows from Bell’s eponymous theorem, which shows that under
certain conditional independence assumptions there are strictly
more correlations achievable in QM than in any classical theory.
This fact can be cast in terms of a quantum-classical gap between
the distributions that are compatible with particular generalized
Bayesian networks.

In this essay we attempt to understand the advantage of quantum
shallow circuits in terms of quantum-classical gaps. While we are
unable to prove an advantage in this formalism, we are able to
relate generalized Bayesian networks to quantum shallow circuits.

Statement of Original Research

This essay is mostly a literature review, although it does contain original
research within Sections 2 and 3 as well as Appendices A and B.
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2 § Introduction

Introduction

“We can give up on our rule about what the computer was, we can
say: Let the computer itself be built of quantum mechanical elements
which obey quantum mechanical laws.”

∼ Richard Feynman [1]

Computation is a physical process. As such, the laws of physics constrain
what is computable. If, for example, the laws of physics constitute a con-
sistent and effectively generated formal system, then any model thereof will
contain truths not provable by physical devices [2, 3].

In addition, the laws of physics constrain how efficiently a computation
can be done. If, for example, acausal structures like Deutschian closed time-
like curves exist [4], then determining if the Riemann Hypothesis has a proof
in under N lines is child’s play [5].

To date, our most promising view of the fundamental world is afforded
by quantum mechanics. Thus, quantum mechanics ought to constrain what
and how quickly computational tasks can be done. When it comes to query
complexity, quantum computers offer a provable computational advantage: a
quantum computer can find a needle among N haystacks in Θ(

√
N) queries,

whereas the best classical computers require Θ(N) queries. Therefore, quan-
tum computers “square-root” the time it takes to complete any task that is
constant-time reducible to an unstructured search [6].

However, this speedup is polynomial in the input size, and is also with
respect to the query model of computation. Might quantum computers afford
an exponential speedup with no black boxes? This, and nearly all complexity
theoretic questions of comparable flavor, is not known.

That said, there is reason to believe exponential speedups are possible,
at least for certain computational tasks. Shor’s factoring algorithm is the
paradigmatic case in point, which proves that a quantum computer can find
a prime factor of an odd and composite N -bit number in just O(N3) com-
putational steps [7]. Since it is generally believed (though unproven) that
factoring on a classical computer is hard, it is generally believed (though
equally unproven) that quantum computers afford an exponential speedup.

The main outstanding question that motivated this essay is the follow-
ing: if quantum computers afford a computational speedup, then why? Of
course, it is plain that the answer has something to do with quantum me-
chanics, but what? To make any progress on this question it is necessary to
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scrutinize what makes a physical theory “quantum” in the first place. What
we call the canonically quantum phenomena are familiar but misguided ex-
amples: superposition, entanglement, teleportation, no-cloning, etc. Indeed,
the Gottesman-Knill theorem proves that these alone are insufficient for a
quantum advantage [8]. Therefore, an advantage must stem from something
quintessentially quantum, like contextuality [9] or the violation of a Bell in-
equality [10].

In this essay, we attempt to understand the proven advantage of quantum
shallow circuits using generalized Bayesian network [9, 11, 12]. Such a formal-
ism cuts straight through the metaphysical quandaries that the canonically
quantum phenomena present, and instead deals purely with the probabilistic
correlations of the theory [13–15]. While we are ultimately unable to prove
an advantage using this formalism, we are able to relate generalized Bayesian
networks to quantum shallow circuits.

This essay covers several topics from Bayesian networks to complexity
theory to one-way quantum computing. The first chapter reviews several
elementary notions from graph theory, probability theory, the theory of
Bayesian networks, and the theory of semialgebraic statistics. The second
chapter explores how the theory of Bayesian networks can be generalized
to quantum mechanics. Here we introduce the all-important concept of a
“quantum-classical gap”. The third and final chapter discusses basic com-
putability and complexity theory, the circuit based models of classical and
quantum computation, the one-way quantum computer, and our definitions
of particular shallow circuit complexity classes. This chapter culminates with
a discussion of the quantum advantage of shallow circuits and its relation to
quantum-classical gaps.

All proofs in this essay are either in Appendix B or in the reference(s)
preceding the claim.
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1 Mathematical Preliminaries

Here we review several basic notions from graph theory, probability theory,
the theory of Bayesian networks, and the theory of semialgebraic statistics
that are used ubiquitously throughout this essay.

1.1 Graph Theory

Let G = (V,E) be an undirected graph with vertex set V and edge set
E ⊆ V × V . The degree of a vertex v ∈ V , denoted deg(v), is the number of
edges containing v: deg(v) = |{{u, v} ∈ E | u ∈ V }|. It is easy to prove that∑

v∈V

deg(v) = 2|E|. (1)

This equation is sometimes called the handshaking lemma [16].
An edge coloring of an undirected graph G = (V,E) is a map c : E →

{1, . . . , χc} satisfying

c(e) = c(e′)⇐⇒ e ∩ e′ = ∅. (2)

Here, χc is the number of colors in the edge coloring c and c(e) is the color
of the edge e. Denoting by ∆(G) the maximum degree of the vertices in G,
Vizing’s theorem proves that χc ≤ ∆(G)+1 for all edge colorings c of G [16].

Now let G = (V,E) be a directed graph. That G is directed means
E consists of ordered pairs (u, v), which we write as u → v, as opposed
to unordered sets {u, v}. The in-degree and out-degree of a vertex v ∈ V
are, respectively, the cardinalities of the sets {u → v ∈ E | u ∈ V } and
{v → u ∈ E | u ∈ V }.

A directed path in G is a sequence of edges v1 → v2 → · · · → vk where
k > 1. We sayG is acyclic if it does not contain a self-loop v → v and does not
contain a directed path that connects to itself: v1 → v2 → · · · → vk → v1. A
directed graph that is acyclic is called a directed acyclic graph (DAG). Besides
an important exception in Sec. 3.4, all graphs in this paper are DAGs.

Given two directed graphs G = (V,E) and G′ = (V ′, E ′), a directed graph
isomorphism between G and G′ is a bijection f : V → V ′ satisfying

u→ v ∈ E ⇐⇒ f(u)→ f(v) ∈ E ′. (3)



QC-GAPS AND QUANTUM SHALLOW CIRCUITS 5

Directed graph isomorphisms preserve the structure of directed graphs. Thus,
if G and G′ are isomorphic as directed graphs, then G is a DAG if and only
if G′ is. Moreover, they have exactly the same in-degrees/out-degrees, paths,
etc. In other words, all that could be different between G and G′ are the
vertex labels and their meaning [16].

1.2 Probability Theory

Let {(Ω, 2Ω,Pr1), . . . , (Ω, 2Ω,Prn)} be a collection of n discrete probability
spaces over the alphabet Ω, where 2Ω is the discrete σ-algebra on Ω (thus
all subsets of Ω are measurable but not necessarily supported), and each
Pri : 2Ω → [0, 1] is a probability measure.

If (Σ, 2Σ) is a measurable space over some potentially different alphabet
Σ and {X1, . . . , Xn} is a collection of random variables Xi : Ω → Σ, the joint
random variable X := (X1, . . . , Xn) is the map X : Ω×n → Σ×n, where Ω×n

and Σ×n are n-fold Cartesian products over Ω and Σ, respectively. Formally,
any element x ∈ Σ×n is an n tuple x = (σ1, . . . , σn), where each σi ∈ Σ.
But of course there is a trivial bijection (σ1, . . . , σn) 7→ σ1 . . . σn ∈ Σn ⊆ Σ∗,
where Σ∗ (Σn) is the collection of all (n-length) strings over Σ. Thus, X =
(X1, . . . , Xn) is equivalently a random variable over Σn. We therefore make
no further distinction between Σ×n and Σn (and similarly for Ω×n and Ωn).

Of course, to be a random variable, X must be a measurable function
between measurable spaces, but which measurable spaces? Since each Xi is a
random variable from (Ω, 2Ω,Pri) to (Σ, 2Σ), the tuple (X1, . . . , Xn) naturally
induces that X is a random variable from (Ωn, 2Ωn ,Pr) to (Σn, 2Σn), where,
generically, the joint probability measure Pr : Ωn → [0, 1] is nontrivially
related to Pr1, . . . ,Prn. In particular, Pr is seldom just the product measure
Pr1×· · ·×Prn because that entails a needlessly strong degree of independence
between X1, . . . , Xn.

In practice, Pr is either given or inferred from experimental data, in which
case Pr is only ever approximately known. That said, many physical theories
posit a network-like structure that dictates which Xi’s can influence which
Xj’s (arising, for example, from an underlying causal structure), and this
amounts to constraining how Pr can relate to each individual Pri. We will
return to this idea shortly.

Given a joint probability measure Pr : Ωn → [0, 1] and a joint random
variable X : Ωn → Σn, the joint distribution over X, denoted PrX∼D , is the
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pushforward measure of Pr to (Σn, 2Σn):

∀(S ∈ 2Σn) : Pr
X∼D

(X ∈ S) := Pr(preimX(S)). (4)

Though ostensibly overdecorated, the notation PrX∼D turns out to be linguis-
tically nice because it enables us to refer to a given joint distribution in a
myriad of equivalent ways: either via the pushforward measure (4) (which is
best for numbered equations) or through any syntactically clear use of the
script symbol D (which is best for referring to Eq. (4) in sentences or for
writing certain distributional equations like the total variation distance).

For example, when defining a new joint random variable X, we often
say “let X = (X1, . . . , Xn) be a D-random variable”. This is to convey that
X is a joint random variable distributed over D , which just means that X

satisfies Eq. (4). Such notation is coincidentally inspired by terminology like
“Bernoulli random” and “Haar random”, the notation in complexity theory
papers like [17] and [18], and the notation in causal inference papers like [14].
It will also prove useful when equivalent distributions arise out of distinct
mathematical objects like probabilistic Turing machines and causal networks.

In this essay, we mostly deal with valuations of the joint random variable
X = (X1, . . . , Xn), which correspond to X equaling a singular value in Σn.
For example, X = x = σ1 . . . σn ∈ Σn is a valuation (equivalently: X1 =
σ1, . . . , Xn = σn), and we denote its probability as

Pr
X∼D

(x) := Pr
X∼D

(X = x). (5)

In probability theory, Eq. (5) is called the probability mass function (PMF)
of the valuation X = x. Since we only ever deal with valuations of X, we will
frequently refer to PrX∼D (and other related distributions) as a PMF.

We will frequently deal with valuations that satisfy a particular functional
relationship for all x ∈ Σn. If, for example, there is some function f such
that PrX∼D(x) = f(x) for all x ∈ Σn, then rather than crowd the notation
with universal quantifiers, we will adopt the following rule:

Pr
X∼D

(X) = f(X)⇐⇒ ∀(X = x) : Pr
X∼D

(x) = f(x). (6)

We illustrate this with the following fact. If

Pr
Xi|X1,...,Xi−1

(Xi | X1, . . . , Xi−1) :=
Pr
X∼D

(X1, . . . , Xn)∑
Xi=xi

· · ·
∑

Xn=xn

Pr
X∼D

(X1, . . . , Xi−1, xi, . . . , xn)
(7)
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is the conditional PMF of Xi given X1, . . . , Xi−1, then PrX∼D satisfies the prob-
ability chain rule on every valuation [19]:

Pr
X∼D

(X1, . . . , Xn) =
∏
i

Pr
Xi|X1,...,Xi−1

(Xi | X1, . . . , Xi−1). (8)

Again, per the rule (6), Eqs. (7) and (8) hold for all valuations X = x.

1.3 Bayesian Networks

Whereas Eq. (7) suggests Xi can depend on any or all of X1, . . . , Xi−1, it might
happen that variations in some subset pa(Xi) ⊆ {X1, . . . , Xi−1} necessarily
change Xi (say, in the sense of a direct causal connection) but variations
in {X1, . . . , Xi−1}\pa(Xi) need not (say, in the sense of an indirect causal
connection via pa(Xi) or no causal connection at all). In this case, Eq. (7)
collapses to the simpler equation

Pr
Xi|X1,...,Xi−1

(Xi | X1, . . . , Xi−1) = Pr
Xi|pa(Xi)

(Xi | pa(Xi)). (9)

If this holds, we say Xi and {X1, . . . , Xi−1}\pa(Xi) are conditionally indepen-
dent given pa(Xi), which we alternatively express as

Xi ⊥⊥ {X1, . . . , Xi−1}\pa(Xi) | pa(Xi). (10)

We call the set pa(Xi) the Markovian parents of Xi.
In this essay we impose the much stronger directed local Markov property :

Xi ⊥⊥ {X1, . . . , Xn}\nd(Xi) | pa(Xi), (11)

where nd(Xi) ⊆ {X1, . . . , Xn} is the set of Markovian non-descendants of Xi.
Intuitively, nd(Xi) consists of all variables that could depend on Xi. Physically,
the directed local Markov property is justified by the intuition that Xi ought
only to directly depend on the variables pa(Xi) in its immediate past and at
most indirectly on any variables {X1, . . . , Xn}\nd(Xi) not in its future, in its
far past, or outside its past altogether.

Thinking causally, Eq. (11) admits the intuitive graphical representation:

pa(Xi) Xi (12)
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which by construction encodes the conditional independence (CI) relations
of Xi. Of course, we can enlarge (12) by aiming each pa(Xi)j ∈ pa(Xi) toward
Xi. Then, if pa(Xi) has k elements pa(Xi)1, . . . , pa(Xi)k, (12) becomes:

pa(Xi)1

...

pa(Xi)k

Xi (13)

This graph is for a single Xi ∈ {X1, . . . , Xn}. But of course there is no im-
pediment in the way of generalizing (13) to each Xi ∈ {X1, . . . , Xn} (provided
we assume the directed local Markov property for each, which we do). To
this end, Eq. (9) collapses Eq. (8) to the simpler equation

Pr
X∼D

(X1, . . . , Xn) =
∏
i

Pr
Xi|pa(Xi)

(Xi | pa(Xi)), (14)

where now each Xi only depends on its Markovian parents pa(Xi). Equiva-
lently, Eq. (14) corresponds to the DAG G = (V,E), where the vertex set
V = {X1, . . . , Xn} and the edge set E satisfies

Xj Xi ∈ E ⇐⇒ Xj ∈ pa(Xi). (15)

If a DAG G represent the CI relations of a distribution D , then G is called
Bayesian network for D .

Definition 1 (Bayesian Network). Let X = (X1, . . . , Xn) be a D-random
variable and G = (V,E) a DAG. We say G is a Bayesian network for D or
a DAG for D if and only if PrX∼D factorizes in the form of (16) and there
exists a directed graph isomorphism between G and the DAG G̃ = (Ṽ , Ẽ),
where Ṽ = {X1, . . . , Xn} and Ẽ satisfies Eq. (15).

1.4 Marginal Bayesian Networks

There is an important generalization of Bayesian networks that is captured
by the following fact: any PMF satisfying Eq. (14) also satisfies

Pr
X∼D

(X) =
∑

Λ1=λ1

· · ·
∑

Λm=λm

∏
i,j

Pr
Xi|pa(Xi),Λ1,...,Λm

(Xi | pa(Xi), λ1, . . . , λm) Pr
Λj∼Rj

(λj),

(16)
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where each Λj is a discrete Rj-random latent or hidden variable, in the
sense that it is marginalized out in the PMF (16). This statement is trivial,
because to recover Eq. (14) one need only impose that each Rj be a point
distribution. That said, the converse is not generally true: a PMF satisfying
Eq. (16) need not satisfy Eq. (14).

Let L = {Λ1, . . . ,Λm} be the set of latent variables, and define lpa(Xi) =
L∩pa(Xi) as the set of latent Markovian parents of Xi. Then, with the addition
of the latent variables L and supposing, as always, that all Xi ∈ {X1, . . . , Xn}
and Λj ∈ L obey the directed local Markov property, there are now two
possibilities. Either lpa(Xi) = ∅, in which case Xi has no latent parents and
so Xi ⊥⊥ {X1, . . . , Xn} ∪ L\nd(Xi) | pa(Xi) implies (13) as before, or lpa(Xi) 6=
∅, in which case Xi has latent parents and so Xi ⊥⊥ {X1, . . . , Xn} ∪ L\nd(Xi) |
pa(Xi) does not imply (13). In this latter case, the correct graph is instead,

Xi

vpa(Xi)1

...

vpa(Xi)k

lpa(Xi) (17)

where the ellipse signifies latency and vpa(Xi) = {X1, . . . , Xn} ∩ pa(Xi) is the
set of visible (i.e., non-latent) Markovian parents of Xi. As before, we can
enlarge (17) by aiming each lpa(Xi)1, . . . , lpa(Xi)` ∈ lpa(Xi) toward Xi:

Xi

vpa(Xi)1

...

vpa(Xi)k

lpa(Xi)1

...

lpa(Xi)`

(18)

Proceeding as before for each Xi ∈ {X1, . . . , Xn}, one obtains an equivalent
characterization of Eq. (16) as a DAG G = (V ∪ L,E), where the visible
vertices V = {X1, . . . , Xn}, the latent vertices L = {Λ1, . . . ,Λn}, and the
edge set E satisfies

Xj Xi ∈ E ⇐⇒ Xj ∈ vpa(Xi),

Λj Xi ∈ E ⇐⇒ Λj ∈ lpa(Xi).
(19)

Following Evans [20, 21], any Bayesian network that represents a marginal-
ized distribution like Eq. (16) is called a marginalized Bayesian network,
marginalized DAG, or mDAG for short.
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Definition 2 (Marginal Bayesian Network). Let X = (X1, . . . , Xn) be a D-
random variable and G = (V,E) a DAG. We say G is a marginal Bayesian
network for D or an mDAG for D if and only if PrX∼D factorizes in the form
of (16) and there exists a directed graph isomorphism between G and the
mDAG G̃ = (Ṽ ∪ L, Ẽ), where Ṽ = {X1, . . . , Xn}, L = {Λ1, . . . ,Λm}, and Ẽ
satisfies Eq. (19).

Importantly, if G is an mDAG for a distribution D , then D is not in any
reasonable sense “unique” to G. That is, there always exists a distribution
D ′ 6= D for which G is an mDAG. This must be true, because CI relations
are impartial to the cardinalities of the distributions they constrain. That
said, there also exist distributions for which G is not an mDAG. This is true
because different distributions can have different CI relations. There is thus
a natural sense in which a distribution D is compatible with a given mDAG
G. In particular, if P(G) denotes the set of all distributions D for which G
is an mDAG, then we say D is compatible with G if and only if D ∈P(G).

To give an example, consider the mDAG known as the Bell scenario:

Y1 Y2

X1 X2
Λ

(20)

Thinking causally (though such thinking is hitherto unjustified), the Bell
scenario encodes the expected causal relations for any experiment in which
the pairs Y1 and Y2 are spacelike separated and only have Λ as a (hidden)
common ancestor (in particular, X1 and X2 have nothing to do with each
other, and are also spacelike separated). Consequently, the Bell scenario
encodes the physically-motivated CI relations:

X1 ⊥⊥ X2,Λ and X2 ⊥⊥ X1,Λ, (21)
Y1 ⊥⊥ Y2, X2 | X1,Λ and Y2 ⊥⊥ Y1, X1 | X2,Λ, (22)

which, respectively, are called the no superdeterminism constraint, which
can be construed as a statement about an experimenter’s free will [14], and
the local causality constraint, which entails that Y1 ought only to depend on
events in its backward lightcone (and similarly for Y2).

Central to this physical interpretation, however, is that the set of distribu-
tions compatible with the Bell scenario is a strict subset of the distributions
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compatible with the Bell scenario with communication:

Y1 Y2

X1 X2
Λ

(23)

Within (23), there is now potential for a direct causal influence to propagate
from X1 to Y2, which is formally forbidden in the standard Bell scenario (20).
The most direct way to see this is to marginalize Y2 and Λ in the first CI
relation in (22), and Y1 and Λ in the second CI relation in (22). This reveals
that the Bell scenario also encodes the CI relations

Y1 ⊥⊥ X2 | X1 and Y2 ⊥⊥ X1 | X2. (24)

Physically speaking, these correspond to the no superluminal signalling con-
straint [14]. As Eq. (24) is manifestly violated in the Bell scenario with
communication, it is plain that the Bell scenario with communication has
strictly more compatible distributions than the Bell scenario. Incidentally,
this example also illustrates the more general fact that a given mDAG of-
ten entails more CI relations than meet the eye. While there is a purely
graphical way to “see” all possible CI relations of a given mDAG (it is called
d-separation [19]), it is incidental for the purposes of this essay.

1.5 Semialgebraic Statistics

In this section, we bridge a connection between statistics and algebraic
geometry—a connection that is formally pursued in the theory of algebraic
statistics [22, 23]. For us, the tools of algebraic statistics afford a complete
algebraic characterization of CI relations in terms of equality and inequal-
ity constraints. At a high level, this implies a rather profound equivalence
between structures in graph theory, statistics, and algebraic geometry. In-
cidentally, as we explore in Sec. 3, it is precisely this three-way relationship
that connects Bayesian networks to shallow circuits.

Let X = (X1, . . . , Xn) be a D-random variable over the alphabet Σ. There
are then D = |Σ|n unique valuations of X, where the ith valuation X = xi
has probability pi := PrX∼D(xi). Collectively, the tuple p = (p1, . . . , pD) is a
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point in the probability simplex,

∆Σn :=

{
p ∈ RD

∣∣∣∣ pi ≥ 0,
D∑
i=1

pi = 1

}
. (25)

Now suppose X is distributed differently over Σ, which is to say its D ′-
random for some D ′ 6= D . In general, then, the associated point p′ =
(p′1, . . . , p

′
D) is different from p, and hence p′ lands elsewhere in ∆Σn . Imag-

ining all the ways in which X can be distributed over Σ (D ′′,D ′′′, and so on)
produces a set M := {p,p′,p′′,p′′′, . . . } that is a subset of the probability
simplex ∆Σn . We call M a discrete statistical model of X.

If G is an mDAG with compatible distributions P(G), then, per the argu-
ment above, there exists a statistical model M(G) ⊆ ∆Σn that characterizes
P(G) geometrically. Thus, to every mDAG G there corresponds a discrete
statistical model M(G). In particular, the d-separation properties of G, and
hence the CI relations embedded in G, must in some way be geometrically
encoded in M(G).

To understand how, consider first the CI relation Xi ⊥⊥ Xj | Xk for some
i 6= j 6= k. Then,

Pr
Xi|Xk,Xj

(Xi | Xk, Xj) = Pr
Xi|Xk

(Xi | Xk). (26)

The definition of the conditional PMF (7) implies Eq. (26) is equivalent to

Pr
Xi,Xk,Xj

(Xi, Xk, Xj)Pr
Xk

(Xk)− Pr
Xi,Xk

(Xi, Xk) Pr
Xk,Xj

(Xk, Xj) = 0. (27)

Thus, the CI relation Xi ⊥⊥ Xj | Xk is equivalent to a polynomial equality
constraint over the marginal distributions PrXi,Xk,Xj , PrXk,Xj , PrXi,Xk , and PrXk .
Geometrically, if Xi ⊥⊥ Xj | Xk holds for all distributions over X = (X1, . . . , Xn),
then it will be geometrically encoded into the discrete statistical model M of
X by restricting M to the hypersurface defined by Eq. (27).

Interestingly, that CI relations are polynomial equality constraints is a
general phenomenon. In particular, if X = (X1, . . . , Xn) is a D-random variable
and XD := (Xd1 , . . . , Xdk) is the joint random variable formed by any subset
D = {Xd1 , . . . , Xdk} ⊆ {X1, . . . , Xn}, then it can be shown that PrX∼D satisfies
A ⊥⊥ B | C for disjoint sets A,B,C ( {X1, . . . , Xn} if and only if

Pr
A,B,C

(xA, xB, xC) Pr
A,B,C

(x′A, x
′
B, xC)

− Pr
A,B,C

(x′A, xB, xC) Pr
A,B,C

(xA, x
′
B, xC) = 0 (28)
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holds for every valuation XC = xC , XB = xB, x
′
B, and XA = xA, x

′
A [23, 24].

Consequently, if, for some random variable X, a general CI relation of the form
A ⊥⊥ B | C holds for every distribution over X, then the discrete statistical
model M of X will intersect the hypersurface defined by Eq. (28).

Now consider a latent-free Bayesian network G = (V,E) and denote by
R[p1, . . . , pD] the set of all polynomials in indeterminates p1, . . . , pD (that
is, the polynomial ring over the field R). If CI(G) is the set of all CI re-
lations entailed by G (derived, say, by the d-separation criterion), then,
by Eq. (28), to each CI relation (Ai ⊥⊥ Bi | Ci) ∈ CI(G) there corre-
sponds a polynomial Pi ∈ R[p1, . . . , pD] such that Pi(p) = 0 if and only
if p ∈ M(G). In other words, M(G) is the algebraic variety defined by the
set {P1, . . . , P|CI(G)|} ⊆ R[p1, . . . , pD]. Therefore, the statistical model M(G),
and hence the distributions compatible with G, is equivalent to the vanishing
set of the polynomials P1, . . . , P|CI(G)|. We can therefore reason about P(G)
by reasoning about these polynomials [22, 25]. In particular, for mDAGs G
and G′, it holds that P(G) ⊆P(G′) if and only if M(G) ⊆M(G′).

Of course, the preceding analysis only applies in the case of a latent-free
Bayesian network. Fortunately, the extension to marginal Bayesian networks
is not too hard. The main insight is that there is a natural directed graph
isomorphism from any marginal Bayesian network to a latent-free Bayesian
network: simply remove the circles from the mDAG. Thus, given any mDAG
G = (V ∪ L,E), there corresponds an isomorphic DAG G̃ = (Ṽ , Ẽ). Im-
portantly, G̃ is also a valid Bayesian network with a PMF equal to Eq. (16)
but without the marginalization over the latent variables (thus to obtain the
PMF for G from G̃, simply marginalize the latent variables).

For simplicity, let us suppose there are m latents Λ1, . . . ,Λm ∈ L and
that every Λj is a random variable over the same alphabet Σ. Further, put
D′ = |Σm|. Then the CI relations of the Bayesian network G̃ correspond
to a set of polynomials F in indeterminates p1, . . . , pD+D′ . That is, F ⊆
R[p1, . . . , pD+D′ ]. As before, M(G̃) is the algebraic variety over this set,

M(G̃) =
{
p ∈ ∆Σn+m | P (p) = 0, P ∈ F

}
. (29)

We have thus derived the discrete statistical model for the Bayesian
network G̃. Evidently, M(G̃) is a higher dimensional hypersurface than
M(G), and yet they both obey the exact same CI relations. The addi-
tional dimensions, therefore, owe to treating the latent variables as visi-
ble vertices. The restriction to M(G) is done by projecting M(G̃) into
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the hypersurface defined by M(G). That is, we define a projection map
π : (p1, . . . , pD+D′) 7→ (p1, . . . , pD) so that π(M(G̃)) = M(G) [21, 23, 26].

Following a projection like this, it is not obvious that M(G) will corre-
spond to an algebraic variety of some set of polynomials. In fact, this is
hardly ever the case [26].1 Instead, according to the highly nontrivial Tarski-
Seidenberg theorem [26], the projection of an algebraic variety into a subset
of its coordinates is at best a semialgebraic set, which is a finite collection of
polynomial equalities and polynomial inequalities. The following theorem is
thus a simple corollary of the Tarski-Seidenberg theorem:

Theorem 1. If G is an mDAG, then M(G) is a semialgebraic set.

In other words, for any mDAG G, its statistical model M(G), and hence its
compatible distributions P(G), correspond to a set of points p ∈ ∆Σn that
satisfy a finite set of polynomial equality and inequality constraints. This
idea underlies everything to come.

1Consider, for example, projecting the algebraic variety {(x, y) ∈ R2 | xy− 1 = 0} into
the x axis. The result is {x ∈ R | |x| > 0}, which is evidently not an algebraic variety. (It
is, however, a semialgebraic set.)
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2 Clarifying “Quantum” with Causal Inference

In this section, we define “quantum” in a way that entails a violation of a Bell-
type inequality. We frame this discussion using tools from causal inference
that are inextricably tied to the theory of Bayesian networks. We close with
a discussion on “quantum-classical gaps” and give two pertinent examples.

2.1 Classical and Quantum Operational Theories

Contrary to most textbooks, a theory is hardly “quantum” if it entails in-
terference, superposition, entanglement, no-cloning, teleportation, or other
canonically quantum phenomena. This follows from the existence of decid-
edly classical theories like [27] and [28] that exhibit most if not all canonically
quantum phenomena. There is thus a nontrivial demarcation problem to ad-
dress: which physical theories are “quantum” and which are “classical”?2

Clearly, any serious demarcation criterion must presuppose some agree-
able definition of “physical theory”. One primitive definition is as a body of
sentences, expressed as a formal language over some alphabet of symbols.
This so-called syntactic view of theories was popularized in the 20th century
by logical positivists like Carnap and Hempel [29]. Whereas the sentiment
that this is all a physical theory is is predictably controversial, the sentiment
that this is at least what a physical theory is is arguably less so.

In addition to a language, one wants a semantics, or an interpretation of
the language, and moreover one wants that interpretation to comport with
one’s experience in the laboratory. Given a syntactic theory, one minimal in-
terpretation is as a prepare-and-measure operational theory. That is, the syn-
tax of the theory relates to preparation and measurement procedures (“lab-
oratory instructions”) and also provides a rule for predicting the frequencies
of different measurement outcomes (e.g., the Born rule). Thus, a prepare-
and-measure operational theory is a mathematical framework for predicting
the outcomes of a prepare-and-measure experimental procedure [30].

In a classical theory, the rule for predicting frequencies uses the stan-
dard probability calculus. A quantum theory, however, uses Hilbert spaces,
density operators, positive operator-valued measures, and the like. At the
end of the day, however, both classical and quantum theories give rise to

2We are omitting an obvious and interesting third category: “neither”. Fortunately, the
forthcoming techniques work just as well for the full, three-way demarcation problem [12].
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a conditional probability measure Pr(mk | P,M) that equals the likelihood
of obtaining one of a discrete set of measurement outcomes {mk} given a
particular preparation P and measurement M .

If, for a given preparation and measurement procedure P andM , a distri-
bution of measurement outcomes D = {Pr(mk | P,M)} is all one has, then
distinguishing a classical and a quantum theory is impossible. For example,
one cannot distinguish the distribution entailed by the flip of a fair coin and
the distribution stemming from measurements of the state 1√

2
(|0〉 + |1〉) in

the computational basis. However, given a joint distribution of measurements
D = {Pr(mk1 ,mk2 , . . . | P1,M1, P2,M2, . . . )}, it becomes possible to analyze
correlations given conditional independence assumptions. In particular, the
correlations allowed quantumly may transcend those that are allowed classi-
cally. If such correlations exist, then they would constitute a quintessentially
quantum phenomenon because no classical theory can reproduce them.

As correlations were central to the theories in the introductory parts of
this essay, it is no surprise that a useful way to examine prepare-and-measure
operational theories is with Bayesian networks and semialgebraic statistics.

2.2 Causal Networks and Causal Compatibility

As was hinted at in Sec. 1.3, it is fine for our purposes to interpret a marginal
Bayesian network G = (V ∪ L,E) as not merely a graphical encoding of the
CI relations among the vertices V ∪L, but also as an encoding of the causal
relations among V ∪ L. Strictly speaking, this interpretation is not justified
because CI relations are associational relations and these are only rarely
causal in nature [19]. For instance, to say temperature and ice cream sales
are correlated is one thing, but to say temperature causes ice cream sales is
another matter entirely. This point is none other than the oft-quoted slogan:
correlation does not imply causation.

That said, all the random variables in this essay have origins in an
operationally-defined physical theory, which we will take to presuppose a
causal structure. This is justified, at least in part, because causal relation-
ships are sensibly more “stable” than any sort of non-causal, associational
relationship like temperature and ice cream.3 (Indeed, it was hot in June
2021, but ice cream shops were closed because of COVID-19.) Thus, insofar
as one expects a physical theory to make stable probabilisitic predictions, it is

3This is related to the do-calculus of Pearl [19]
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natural to suppose that the statistical correlations stemming from the theory
arise causally. In this way any random variables rooted in an operationally-
defined physical theory will satisfy the directed local Markov property, which,
when speaking causally, is often called the causal Markov condition [13].

Much of the motivation for this more causal interpretation is based on Re-
ichenbach’s common cause principle, which stipulates that while correlation
does not imply causation (in the sense that X1 correlated with X2 does not
imply X1 causally entails X2), correlation does imply a cause-effect relation
or a common cause (in the sense that X1 correlated with X2 implies either
that there exists a common element in pa(X1) and pa(X2), in which case this
common element is a candidate for the common cause, or there exists an ele-
ment in pa(X1) and an element in pa(X2) that are correlated, in which case we
recursively consider their parents and again apply Reichenbach’s principle).

Of course, Reichenbach’s principle is just that, a principle. It does not
define “causal”. Its virtue, rather, is in pinpointing an indispensable property
that any agreeable definition of “causal” ought to have—namely, that corre-
lations can be explained causally. Reichenbach’s principle, therefore, is what
undergirds the idea that causal relations obey the causal Markov condition,
and so it is, in a sense, the philosophical principle that justifies the use of
DAGs to talk about correlations in a causal way [13].

As Reichenbach’s principle is a metaphysical principle, how it manifests
in a particular physical theory is a function of that theory. This is because
what qualifies as a “common cause” to observed correlations is ultimately a
function of the theory.

In a classical theory, for instance, a common cause is a latent variable,
exactly like in the mDAGs of Sec. 1.4. So, given some joint distribution of
measurement statistics D , we can infer if that distribution arose causally out
of a classical theory using an mDAG structure. Formally, we say an mDAG
G = (V ∪ L,E) is a classical causal network for D if and only if the CI
relations entailed by G reflect the causal relations among the vertices V ∪ L
and D ∈P(G).

In a quantum theory, however, a common cause is either a (classical)
latent variable or a quantum system. Thus, the causal networks in a quantum
theory are decidedly different from those in a classical causal network. Rather
than attempt the intricate task of defining a quantum causal network [31, 32],
it suffices for this essay to appeal to the idea that to each classical causal
network there corresponds a natural quantum network in which a subset of
the latent variables “go quantum”.
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As an example, recall the Bell scenario from Sec. 1.4:

Y1 Y2

X1 X2
Λ

(30)

This is a classical causal network that entails the following conditional dis-
tribution

Pr
Y|X∼D(Bell)

(Y1, Y2 | X1, X2) :=
Pr
Y,X

(Y1, Y2, X1, X2)∑
X1=x1

∑
X2=x2

Pr
Y,X

(Y1, Y2, x1, x2)
,

where PrX,Y is the joint distribution (16) implied by the Bell mDAG (30).
However, there is a natural qDAG associated to this situation (which we

call QBell) that is obtained by replacing the latent variable Λ (a classical
source) with a bipartite Hilbert space H = H1 ⊗ H2 (a quantum source):

Y1 Y2

X1 X2
H

(31)

Here, the dotted circle indicates that the source is quantum. Quantum me-
chanically, then, QBell entails the conditional probability distribution

Pr
Y|X∼D(QBell)

(Y1, Y2 | X1, X2) = Tr
(
ρ12MY1|X1 ⊗MY2|X2

)
, (32)

where MY1|X1 and MY2|X2 are measurement operators that depend on the ran-
dom variables X1 and X2, respectively. Like in the case of mDAGs, there
corresponds a set of distributions P(QBell) that are compatible with QBell.

This idea generalizes in the obvious way. Given an mDAG G (interpreted
as a classical causal network), one can contrive a qDAG QG by making one
of the classical latent sources quantum mechanical. Of course, one can be
even more general and compare an mDAG G to an unrelated qDAG QG′.
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2.3 QC-Gaps as Quintessentially Quantum Phenomena

A natural question is if every distribution compatible with a qDAG is compat-
ible with the mDAG on which it is based. For example, is QBell compatible
with Bell? That is, does P(Bell) = P(QBell)? If this is true, then, at
least in the Bell scenario, there is no discernible difference between the mea-
surement statistics entailed by classical theory and quantum theory because
all the correlations are the same. However, if P(Bell) 6= P(QBell), then
classical and quantum theory make disparate predictions about the nature
of correlations over spacelike distances. In consequence, our classical intu-
itions would be challenged like never before and lie embedded in a concrete
of confusion for decades forth.

As such confusion stokes us all, the claim in question is familiarly false.
This is the content of John Bell’s eponymous theorem [33, 34]:

Theorem 2 (Bell’s Theorem). P(Bell) ( P(QBell).

In other words, the distributions compatible with the quantum formalism in
the Bell scenario are strictly more than the distributions compatible with
the classical formalism. Bell’s theorem thus witnesses a quintessentially
quantum phenomenon—a phenomenon that is “quantum-complete” unlike
the phenomena of superposition, entanglement, and so forth.

More generally, Bell’s theorem is an instance of a quantum-classical gap:

Definition 3 (Quantum-Classical Gap). An mDAG G admits a quantum-
classical gap (QC-gap) if and only if P(G) ( P(QG).

Generically, it is hard to figure if an mDAG G admits a QC-gap or not.
That said, there is an elementary sufficient condition that is quite useful:

Lemma 3. Let G be an mDAG with statistical model M(G) and suppose
B ≤ 0 is an inequality in the semialgebraic set that characterizes M(G) (that
is, for all p ∈ M(G) it holds that B(p) ≤ 0). If there exists p′ ∈ M(QG)
such that B(p′) > 0, then G admits a QC-gap.

The proof is trivial.
Despite being couched in new terminology, Lemma 3 is hardly a new

idea: Clauser, Horne, Shimony, and Holt (CHSH) used precisely this logic to
prove Bell’s theorem in order to make it more amenable to an experimental
test [33, 35]. The following definition is thus historically motivated:
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Definition 4 (Generalized Bell Inequality). If B is a polynomial inequality
constraint of an mDAG G and if the premises of Lemma 3 hold, then B is a
generalized Bell inequality.4

Whereas Lemma 3 is somewhat obvious, its converse is not. Surprisingly,
though, a result of Henson, Lal, and Pusey (HLP) together with a theorem
of Evans proves it true [12, 20]:

Theorem 4. An mDAG G admits a QC-gap if and only if M(G) is con-
strained by a generalized Bell inequality B.

In other words, the equality constraints in the semialgebraic set character-
izing M(G) are exactly satisfied by the statistical model M(QG). Conse-
quently, the existence of a generalized Bell inequality is a sufficient and nec-
essary condition for a QC-gap.

Unfortunately, however, actually finding a generalized Bell inequality is
computationally hard, and presently only a handful of mDAGs are known to
support them [12, 15, 37]. Thus, while finding a generalized Bell inequality is
equivalent to proving a QC-gap, this does not make proving a QC-gap easy.

That said, an enticing idea to prove a QC-gap is to bootstrap off of
mDAGs that already admit QC-gaps (e.g., Bell). More precisely, given
mDAGs G and Ǧ related by a “QC-gap non-increasing” map from G to Ǧ,
it suffices to prove Ǧ admits a QC-gap to prove G admits a QC-gap. This is
exactly the idea forthcoming in [15] (see Appendix A).

2.4 Two Examples: GHZn and GHZn,m

Consider the mDAG GHZ 3 and its quantum generalization QGHZ 3:

Λ

Y1

Y2 Y3

X1

X2 X3

H

Y1

Y2 Y3

X1

X2 X3

(33)

4We acknowledge that the authors of [36] might quibble with this terminology.
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This is a generalization of the Bell scenario to three parties and corresponds
to the famous 3-party Greenberger-Horne-Zeilinger (GHZ) experiment.5

Like in Bell, one can imagine Y1, Y2, and Y3 as spacelike separated ob-
servers, with X1, X2, and X3 variables dictating the measurement they make
on the latent classical or quantum source. Famously, GHZ3 admits a QC-
gap [38].

The generalization from three parties to n parties is the next natural step
to take. Using techniques from [15], it is easy to bootstrap off of the QC-gap
of Bell to prove that GHZn must also admit a QC-gap (see Appendix A):

Theorem 5. GHZn admits a QC-gap if n ≥ 2. (Proof.)

An interesting (though somewhat unclear) question is how “big” the QC-
gap between GHZn and QGHZn is. In other words, what amount of classical
communication is needed to “bridge” the gap? It is known, for instance, that
the QC-gap in Bell is “small” in the sense that it only takes a single line of
classical communication to simulate all the correlations of QBell [40]. That
is, the Bell DAG with communication (23) can reproduce all the correla-
tions of QBell. But how many lines are needed in GHZn to simulate all the
correlations in QGHZn?

Denote by GHZn,m the mDAG GHZn but supplemented with m “lines”
of communication. More formally, GHZn,m is the DAG (V ∪ {Λ}, E) where
V = {X1, . . . , Xn, Y1, . . . , Yn}, for all Xi ∈ V it holds that pa(Xi) = ∅, and
for all Yi ∈ V it holds that lpa(Yi) = {Λ} and |vpa(Yi)| = m + 1. By this
definition, GHZn,0 = GHZn. That is, GHZn has zero lines of communication.

In terms of QC-gaps, we have the following theorem, which is the content
of [41] (though our proof is considerably simpler).6

Theorem 6. GHZn,m admits a QC-gap if n > m+ 1. (Proof.)

We can of course generalize further, and consider the qDAG stemming
from GHZn,m, namely QGHZn,m. Of course, GHZn,m admits a QC-gap rela-
tive to QGHZn,m for all m ≥ 0 because GHZn,m admits a QC-gap relative to
QGHZn,0 = QGHZn.

5Though historically Shimony and Mermin had a role to play here too [38, 39].
6The author thanks R. Spekkens and M. M. Ansanelli for help with this proof.
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3 Computation, Complexity, and Advantage

In this section, we define what it means “to compute”, “to be effectively com-
putable”, and “to be efficiently computable”. We also discuss the circuit based
model of computation, the complexity class NC, the distinguished subclass
NC0, which corresponds to the set of decision problems solvable by “shallow
circuits”, and the one-way quantum computer. We close with two defini-
tions of “quantum advantage” and a discussion on how one might witness the
advantage of quantum shallow circuits with QC-gaps.

3.1 Computability and Complexity

The modern definition of “computer” was put forth by Turing [42]. His
idea rests on the notion of a Turing machine, which Turing envisaged as
follows [43]:

[A Turing machine has] an unlimited memory capacity obtained
in the form of an infinite tape marked out into squares, on each
of which a symbol could be printed. At any moment there is
one symbol in the machine; it is called the scanned symbol. The
machine can alter the scanned symbol, and its behavior is in
part determined by that symbol, but the symbols on the tape
elsewhere do not affect the behavior of the machine. However, the
tape can be moved back and forth through the machine, this being
one of the elementary operations of the machine. Any symbol on
the tape may therefore eventually have an innings.

Formally, a deterministic Turing machine (DTM) T is a tuple (Q,Σ,Γ, δ),
where Q is a finite and nonempty set of states, Σ is the input alphabet,
Γ ⊇ Σ ∪ {�} is the tape alphabet (with � the blank symbol), and δ is the
deterministic transition function, which bears the form

δ : Q\{qA, qR} × Γ→ Q× Γ× {C,B}. (34)

The state set Q contains three distinguished states: the initial state q0, the
accept state qA, and the reject state qR. Together, qA and qR constitute the
halting states and satisfy qA 6= qR. Note, since the domain of δ excludes the
halting states qA and qR, T halts if and only if it transitions to a halting state.
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Following Turing, one should picture an initialized DTM T as follows:

. . .σ2σ1��� σn � � �

q0

(35)

Here, the finite state control (purple box) is initialized in the state q0, and
the two-way infinite tape contains the string x = σ1σ2 . . . σn ∈ Σ∗, with one
letter σi ∈ Σ per cell, which encodes the computation to be done. Every
other cell of the tape contains the blank symbol �. The tape head of T (black
arrow) is initialized so that it points to the blank cell directly to the left of
the first symbol in x, namely σ1. After the initialization, T starts taking
steps, which are calls to the transition function δ. For example, the first step
could be δ(q0, �) = (q1, γ,B), which, in the canonical interpretation, means:

(i) the state of T transitions from q0 to some q1 ∈ Q,

(ii) the tape head overwrites � with a (not necessarily new) symbol γ ∈ Γ,

(iii) the tape head moves one cell to the right (as defined by the symbol B).

Pictorially, this new configuration is:

. . .σ2σ1γ�� σn � � �

q1

(36)

We have laboured through this definition, and in particular its canonical
physical interpretation, to emphasize the following point. It is useful, though
not strictly necessary, to endorse Turing’s physical interpretation in order to
justify why a DTM is what we formally mean by a “computer”. Indeed, the
physical interpretation makes it plain that the mathematical structure of a
DTM at least depicts a human working by rote, scribbling symbol after sym-
bol with pencil and paper. Thus, whatever we can compute with pencil and
paper, a DTM can compute too.7 Of course, we need not be so anthropo-
morphic, but that the DTM at least captures the image of a human working

7Incidentally, this means that DTM’s are a mathematical structure that naturally en-
code the process of “doing math”. It is for this self-referential reason that Gödel’s incom-
pleteness theorems are easily castable in a DTM guise [44].
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by rote means a DTM at least has something to do with most garden-variety
notions of “computation”. In fact, it is accepted today that to be computable,
or perhaps more precisely, to be effectively computable is to be solvable on a
DTM [45]. Of course, what exactly we mean by “solvable” is still unclear.

The above description makes it evident that every input x ∈ Σ∗ causes
a DTM T to accept, reject, or neither. One can therefore consider the set
L(T) = {x ∈ Σ∗ | T(x) accepts}, which is the language computed by T.

Historically, complexity theory has dealt with language decision problems,
which ask if a string x ∈ Σ∗ is in a set L ⊆ Σ∗ or not (L is called a language).
For example, “is 42 composite?” is a simple decision problem. If L ⊆ Σ∗ is a
language, then L is recognizable (also known as recursively enumerable) if and
only if there exists a DTM T such that L(T) = L. This is to be contrasted
with the notion of decidable: L is decidable if and only if there exists a DTM
T such that L(T) = L and T(x) rejects for all x ∈ Σ∗\L. That recognizable
but undecidable languages exist is nontrivial and profound [42, 45].

Of course, Turing machines can compute more than languages. They can
also compute certain functions f : Σ∗ → Σ∗. Specifically, DTM’s define the
set of functions that are effectively computable: a function f : Σ∗ → Σ∗ is
effectively computable if and only there exists a DTM T such that for all
x ∈ Σ∗ the input 〈x〉 implies T halts after a finite number of steps with f(x)
written on its tape. In this sense, Turing machines define computability.
Notice, this notion subsumes language decision problems, since determining
if x ∈ L or x 6∈ L is equivalent to computing the Boolean function fL : Σ∗ →
{0, 1}, where fL(x) = 1 if x ∈ L and fL(x) = 0 otherwise.

Given that DTMs can evaluate effectively computable functions, we can
now ask a Turing machine to solve more complicated computational tasks.
Two important examples are search and sampling problems.

A search problem R is a collection of nonempty sets (Ax)x∈Σ∗ , where each
Ax ⊆ Σp(|x|) with p a fixed polynomial function and |x| denotes the length
of the string x.8 On the other hand, a sampling problem S is a collection
of probability distributions (Dx)x∈Σ∗ , where each Dx is a distribution over
Σp(|x|) with p again a fixed polynomial function. How a DTM “solves” these
is not obvious (especially the distribution problem). The answer, however,
ultimately rests in the robustness of the Turing machine model.

8We require p to be a polynomial so that the Turing machine attempting to solve R
has the potential to halt in a polynomial amount of time. As we will talk about shortly,
halting in a polynomial amount of time is more or less the definition of “efficient”.
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Suppose, for instance, that we modify the transition function (34) so that

δ : Q\{qA, qR} × Γ→ 2Q×Γ×{C,B}. (37)

Then at each step this nondeterministic Turing machine (NTM) will map to
a set of possible transitions (hence “nondeterministic”). In particular, there
could be a degree of internal randomness that chooses which transition to
make, in which case the NTM is a probabilistic Turing machine (PTM). It
then makes sense to talk about solving problems probabilistically.

For instance, a PTM T is said to solve a search problem R = (Ax)x∈Σ∗ if
and only if for all ε > 0 and for all x ∈ Σ∗ the input 〈x, 01/ε〉 implies9

Pr
X∼D(T)

(X ∈ Ax) ≥ 1− ε, (38)

where the probability distribution D(T) and the associated random variable
X arise from the internal randomness of the PTM T. Importantly, to solve
R to any small ε > 0, it suffices to contrive a PTM that solves R to any ε̃
for which ε < ε̃ < 1/2 (complexity theorists usually choose ε̃ = 1/3). This is
trivial, because as long as the PTM is more likely than not to get the right
answer, then rerunning the PTM O(1/ε) times and taking the “majority vote”
will yield the right answer to within any desired accuracy [45].

On the other hand, T is said to solve a sampling problem S = (Dx)x∈Σ∗

if and only if for all ε > 0 and for all x ∈ Σ∗ the input 〈x, 01/ε〉 implies

‖D(T)−Dx‖ ≤ ε, (39)

where ‖·‖ is the total variation distance [17, 45]. Unlike in the case of search
problems, to solve a sampling problem within any ε > 0 it does not suffice
to solve it within any ε̃ such that ε < ε̃ < 1/2. This follows because of the
nature of the problem: repeated trials of the PTM T define the distribution
D(T), so repeated trials cannot possibly reduce the distance between D(T)
and a target distribution Dx ∈ S. In brief: for sampling, ε matters.

Interestingly, a DTM can solve search and sampling problems as well,
because every NTM can be simulated by a DTM (though the simulation will
generally take an exponential number of steps). This is an instance of the
more general Church-Turing thesis [46]. Consequently, where the advantage

9The additional 01/ε input is a unary way to tell the Turing machine “be within ε of
the right answer”. Of course, the computation takes longer as ε → 0 because the Turing
machine must take more steps to read and hence reach the desired accuracy.
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of nondeterminism, and more specifically probability, comes in (if there is
one at all) is in reducing the number of steps it takes to get an answer.
This brings us from the field of computability theory, concerned with what
is effectively computable, to the field of complexity theory, concerned with
what is efficiently computable.

According to Cobham’s thesis, a function is efficiently computable if and
only if it can be computed on a Turing machine in a time polynomial in the
size of the input [46, 47]. This is intimately tied to the extended Church-
Turing thesis, which basically posits that any “realistic” model of computa-
tion is efficiently simulable on a probabilistic Turing machine [46].

Unlike when reasoning about computability theory, when it comes to
efficiently the differences in DTMs, PTMs, and NTMs really seem to make
a difference. For example, the set of efficiency decidable languages on a
DTM equals P, the set of efficiently decidable languages (with acceptance
probability at least 2/3) on a PTM equals BPP, the set of efficiently decidable
languages on an NTM equals NP, but the exact relationship between these
three classes is unknown. Indeed, no relationship between BPP and NP is
currently known [44], and it is literally a million dollar question if at least
one of the following obvious containments is strict or not: P ⊆ BPP and
P ⊆ NP [48].10

3.2 Boolean Circuits

Turing’s model of computation is uniform, meaning a Turing machine’s func-
tion is irrespective of the size of the input. Circuits, on the other hand, are
non-uniform, meaning the circuit is a function of the size of the input. In
other words, the circuit that solves an n bit instance of a problem will not in
general solve its n+ 1 bit generalization.11 This distinction rests on the idea
of a Boolean function, which is simply an n-ary map f : {0, 1}n → {0, 1}.

Canonical (and trivial) examples of Boolean functions include the unary
(n = 1) NOT operation ¬ : {0, 1} → {0, 1} as well as the binary (n = 2)
AND and OR operations ∧2,∨2 : {0, 1}2 → {0, 1}. Of course, these binary
operations can be extended to accommodate a larger arity:

∧n : {0, 1}n → {0, 1}, ∧n(x1, . . . , xn) := x1 ∧ · · · ∧ xn, (40)
∨n : {0, 1}n → {0, 1}, ∨n(x1, . . . , xn) := x1 ∨ · · · ∨ xn. (41)

10Indeed, P 6= BPP implies P 6= NP [44].
11Without loss of generality, we hereafter use the binary alphabet Σ = {0, 1}.
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However, ∧n on n+ 1 bits is ill-defined, and that is analogically why the
circuit model of computation is non-uniform. We mend this issue with the
notion of a family of Boolean functions, which is a sequence f = (fn)n∈N,
where each fn : {0, 1}n → {0, 1} is an n-ary Boolean function. For instance,
defining ∧ := (∧n)n∈N, it becomes clear that ∧(x1, . . . , xn) = ∧n(x1, . . . , xn)
because that is the only function in the family ∧ with arity n. Thus for the
family f , we have f(x) := f|x|(x), where |x| denotes the length of the input.

Any finite collection of Boolean functions and families of Boolean func-
tions constitutes a basis. A basis, therefore, is a finite object, but the elements
therein need not be finite (in particular, families of Boolean functions are in-
finitely large). There are therefore two distinguished types of bases: those
with bounded fan-in (i.e., those which contain no family of Boolean func-
tions) and those with unbounded fan-in (i.e., those which contain at least
one family of Boolean functions). In this essay we only care about bounded
fan-in bases. Therefore, by “basis” we hereafter mean “bounded fan-in basis”.

A particularly distinguished basis is the standard basis B0 := {∧2,∨2,¬}.
This basis is universal in the sense that any n-ary Boolean function f :
{0, 1}n → {0, 1} can be expressed using only elements in B0. This follows
because every Boolean function admits a disjunctive normal form (DNF) [45].
For the same reason, any n-ary vector-valued Boolean function f : {0, 1}n →
{0, 1}m, m ≥ 1, can be expressed using only elements in B0. The DNF of a
vector-valued Boolean function can be construed as an example of a Boolean
circuit over the basis B0.

Generally speaking, a Boolean circuit over a basis B is a graphical rep-
resentation of a sequence of Boolean functions in B. More precisely, if B
is a basis, then a Boolean circuit over B with n inputs and m outputs is a
DAG Cn = (V,E) in which a node of in-degree zero is either one of n inputs
or a 0-ary vector-valued Boolean function (i.e., a Boolean constant) in B, a
node of in-degree k ≥ 1 is a k-ary vector-valued Boolean function in B, and
a node of out-degree zero is one of m outputs. A Boolean circuit is there-
fore an elaborate composition of primitive Boolean functions in the basis B,
and hence the circuit itself corresponds to a vector-valued Boolean function
Cn : {0, 1}n → {0, 1}m.

That the DNF of a vector-valued Boolean function is a Boolean circuit
proves that every vector-valued Boolean function can be represented as a
Boolean circuit. In this sense, if f = (fn)n∈N is a family of vector-valued
Boolean functions, then there is at least one family of Boolean circuits over
B0 that computes f . More particularly, the circuit family (Cn)n∈N computes
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f if and only if for all x ∈ {0, 1}∗ the circuit C|x| computes the restriction of
f to strings of length |x|. In other words, for every x ∈ {0, 1}∗ it holds that
C|x|(x) = f(x) = f|x|(x).

Of course, the circuit family (Cn)n∈N computing the function family (fn)n∈N
need not scale in any sort of “uniform” way, meaning the architecture of Cn
may look totally different from the architecture of Cn+1.

Of the many important architectural features of a Boolean circuit Cn =
(V,E) over the basis B, two are distinguished in terms of measuring com-
plexity. The first is the size of Cn, which is the number of non-input and
non-output gates in V—that is, |{v ∈ V | v ∈ B}|. The second is the depth
of Cn, which is the length of the longest directed path in the graph (V,E).

Roughly speaking, the depth of a circuit is a measure of how parallelizable
the function it represents is. It is easy to prove that the size of Cn is at most
exponential in the depth, since the worst case is that the circuit looks like a
k-ary tree, where k is the maximum fan-in of the gates in the basis B [49].

What size is reasonable? There are 2n Boolean functions f : {0, 1}n →
{0, 1}, so there are 2nm vector-valued Boolean functions f : {0, 1}n →
{0, 1}m. Since we are interested in functions that are efficiently computable,
we require m to be polynomial in n, otherwise it would take a DTM more
than polynomial time to write the answer. Consequently, the functions we
care about take the form f : {0, 1}n → {0, 1}p(n), where p is a polynomial.
The DNF of a function like this requires an exponential number of gates in
B0 [45]. Therefore, exponential size Boolean circuits can compute all the
functions we might care about. That is not interesting, so it makes sense to
restrict to polynomial size Boolean circuits.

The set of languages decidable by polynomial size Boolean circuits is
P/poly. Here “poly” means “polynomial advice”. Canonically, advice is de-
fined as an additional input to a Turing machine whose length is a function
of the length of the input. Polynomial advice, therefore, is advice whose
length is polynomial in the length of the input. That the languages ef-
ficiently decidable by a DTM with polynomial advice (P/poly) equals the
languages decidable by polynomial size Boolean circuits is an elementary
theorem [44, 45].

Incidentally, advice is extremely powerful. For one thing, Adelman’s the-
orem proves BPP ⊆ P/poly, which means that non-uniformity is at least as
powerful as randomness [44, 50]. But one can go farther: Turing machines
with advice, and hence polynomial size Boolean circuits, can solve unde-
cidable problems like the unary halting problem [45, 47]. Thus, Adelman’s
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result is strict: BPP ( P/poly. Polynomial size Boolean circuits, therefore,
constitute an immensely powerful computational model that transcends the
canonical Turing machine.

3.3 Classical Shallow Circuits and NC0

To render the Boolean circuit model more reasonable, we must constrain it
beyond just polynomial size circuits. One particularly interesting constraint
is to polynomial size circuits over B0 with depth at most O(logi n) for some
i ≥ 0. Furthermore, we require that families of such circuits (Cn)n∈N be
uniformly generated. This means that for each family there exists a DTM T
such that the unary input 〈0n〉 implies T outputs a description of Cn using
at most O(log n) tape cells (also known as log-space) [45]. Incidentally, this
log-space uniformity constraint guarantees that the generated circuits are at
most polynomial in size.

Altogether, the set of languages decidable by such circuits is NCi, where
“NC” stands for “Nick’s class” after Nick Pippenger [51, 52]. Formally, NC is
the set of languages decidable by uniformly generated polynomial size and
polylogarithmic depth circuits:

NC :=
⋃
i≥0

NCi. (42)

Intuitively, NC corresponds to the set of languages that are efficiently decid-
able by a parallel computer [45]. This means that a language L ∈ NC if and
only if deciding L can be “broken up” into smaller subproblems that need
not “talk” to each other during much of the calculation. It follows, therefore,
that NC ⊆ P, because a polylogarithmic number of parallel computations
can be simulated one after the other in polynomial time [45]. However, it
is unknown if NC ⊆ P is strict. That is, it is unknown if every efficiently
decidable language is also parallelizable [49, 52].

Importantly, whereas all polynomial size and polylogarithmic depth cir-
cuits are canonically defined over the standard basis B0, they are in fact ro-
bust to changes in this basis. More precisely, if B∪B0 is a basis and (Cn)n∈N
is a family of polynomial size and depth O(logi n) circuits over B ∪B0, then
there exists a family of polynomial size and depth O(logi n) circuits (C̃n)n∈N
over B0 such that for all x ∈ {0, 1}∗ it holds that C|x|(x) = C̃|x|(x) [49].
Therefore, when reasoning about polynomial size and polylogarithmic depth
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circuits, the basis we choose is incidental. In particular, the maximum fan-in
of the basis is immaterial insofar as it is finite.

Of course, circuits of depth O(logi+1 n) are feasibly more powerful than
circuits of depth O(logi n). That is, NC1 ⊆ NC2 ⊆ · · · , though it is outstand-
ing if any of these containments is strict [45, 49]. That said, it is relatively
straightforward to prove NC0 ( NC1 because constant depth or shallow cir-
cuits cannot decide if the majority of their input was 0 or 1 [49]. Thus,
shallow circuits constitute a very restricted computational model.

Nevertheless, shallow circuits are interesting for a variety of reasons. Gen-
erally speaking, unconditional impossibility results are difficult to come by
in theoretical computer science. However, shallow circuits afford many such
results, and therefore have been involved in several of the early successes of
complexity theory [18, 53]. Shallow circuits are also of great practical inter-
est. This is because shallow circuits involve little “communication” between
the internal gates, and this makes them less prone to compounding errors.
Incidentally, this is also true of quantum shallow circuits (Sec. 3.4) [18].

As shallow circuits are very restricted, it is natural to wonder what they
can compute. In particular, what search and sampling problems can they
solve? This question is prima facie unclear because in Sec. 3.1 “solving”
search and sampling problems involved a degree of randomness. With shal-
low circuits, however, there is no inherent source of randomness to exploit.
Fortunately, this issue is easily mended: allow the shallow circuit a source
of polynomial randomized advice, which is denoted rpoly. In other words,
to each of the polynomial number of gates in a shallow circuit Cn, provide
a constant number of bits from a polynomial size bit string that is drawn
from a distribution R. Altogether, then, the shallow circuit is supplemented
with a polynomial length advice string Λ ∼ R that the circuit can use to
compute.12

With randomized advice, it makes sense to talk about probabilistic out-
comes. For sake of generality, we can imagine that each input bit σi ∈ {0, 1}
comes from conditioning on the valuation Xi = σi of some Di-random vari-
able Xi. Then, X = (X1, . . . , Xn) is a joint random variable over {0, 1}n, and
the valuation X = x ∈ {0, 1}n corresponds to an n bit circuit input. Fur-
thermore, due to the randomized advice Λ, the output string is also some
joint random variable Y = (Y1, . . . , Yp(n)) over {0, 1}p(n) for some polynomial

12Alternatively, one can think of randomized advice as an additional input to the circuit,
rather than as providing a constant number of bits to each gate in the circuit.
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p. Therefore, X and Y constitute a joint D-random variable, where the PMF
is the marginalized distribution

Pr
X,Y∼D

(X, Y) =
∑
Λ=λ

f(X, Y, λ)Pr
Λ

(λ) (43)

for some function f .
Physically speaking, the wires in a classical circuit dictate the cause and

effect relationships between the various gates. Consequently, the PMF (43)
must factorize according to the directed local Markov property:

Pr
X,Y∼D

(X, Y) =
∑
Λ=λ

n∏
i=1

p(n)∏
j=1

Pr
Yj |pa(Yj)

(Yj | pa(Yj))Pr
Xi

(Xi)Pr
Λ

(λ). (44)

Here we assume that the input random variables X1, . . . , Xn have no parents
and do not influence the advice. The Markovian parents of each output
random variable Yj is constrained by the following lemma [11, 54].

Lemma 7. If Cn+r : {0, 1}n+r → {0, 1}p(n) is a classical shallow circuit
with r = poly(n) bits of randomized advice Λ, depth d, and fan-in k, then
|pa(Yj)\{Λ}| ≤ kd for all Yj ∈ {Y1, . . . , Yp(n)}. (Proof.)

In other words, each output bit of a classical shallow circuit can depend on at
most kd non-advice input bits. Lemma 7 immediately entails that classical
shallow circuits output distributions that are compatible with GHZp(n),kd :

Theorem 8. Let Cn+r : {0, 1}n+r → {0, 1}p(n) be an n+r bit classical shallow
circuit with r = poly(n) bits of randomized advice, depth d, and fan-in k.
Then D(Cn+r) is compatible with GHZp(n),kd.

Consequently, every classical shallow circuit can be thought of as a particular
GHZ experiment with a fixed amount of nearest neighbor communication.
This theorem is central to our results in Sec. 3.5.

As we vary the valuations X = x, the output distribution of the circuit
given the input 〈x〉 is the conditional distribution

Pr
Y|X∼D(Cn+r)

(Y | X) :=

Pr
X,Y∼D

(X, Y)∑
X1=σ1

· · ·
∑

Xn=σn

Pr
X,Y∼D

(Y1, . . . , Yp(n), σ1, . . . , σn)
, (45)
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Formally, it now makes sense to talk about shallow circuits solving prob-
lems probabilistically. But what qualifies as “solving”? The following defini-
tions are our circuit adaptations of the corresponding ones in Sec. 3.1, which
were for a BPP Turing machine.

Definition 5 (FNC0/rpolyε). Fix ε ∈ (0, 1
2
). The complexity class FNC0/rpolyε

consists of all search problems R = (Ax)x∈{0,1}∗ for which there exists a
uniformly generated family of classical shallow circuits (Cn+r)n∈N with r =
poly(n) bits of randomized advice such that for all x ∈ {0, 1}∗ the input 〈x〉
implies

Pr
Y|X∼D(C|x|+r)

(Y ∈ Ax | X = x) ≥ 1− ε. (46)

Unlike before, to solve R ∈ FNC0/rpolyε to any small ε > 0 it does
not suffice to find a shallow circuit family that solves R to any ε̃ for which
ε < ε̃ < 1/2. This follows from Theorem 2 in [11]:

Theorem 9. There exist ε1 < ε2 <
1
2
such that FNC0/rpolyε1 ( FNC0/rpolyε2.

Intuitively, a result like this is expected because shallow circuits cannot
process a “majority vote” [49]. Thus, repeated trials on a shallow circuit
cannot amplify an ε̃ > 0 to some positive ε < ε̃ like in the Turing machine
model of computation. The story is probably different for shallow circuits
with unbounded fan-in, however [53].

Importantly, Theorem 9 implies randomized advice empowers FNC0:

Corollary 10. There exists ε ∈ (0, 1
2
) for which FNC0 ( FNC0/rpolyε.

The proof is trivial.
Incidentally, the same is not true for the set of language decision problems

decidable by shallow circuits with randomized advice:

Lemma 11. For all ε ∈ (0, 1
2
) it holds that NC0 = NC0/rpolyε. (Proof.)

Therefore, randomized advice does not empower shallow circuits for language
decision problems.

Consider now the complexity class

FNC0/rpoly :=
⋂

ε∈(0, 1
2

)

FNC0/rpolyε. (47)
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In words, FNC0/rpoly consists of all search problems R = (Ax)x∈{0,1}∗ for
which for all ε > 0 there exists a family of classical shallow circuits (Cn+rε)n∈N
with rε = poly(n, 1/ε) bits of randomized advice, depth dε, and fan-in kε such
that for all x ∈ {0, 1}∗ the input 〈x〉 implies Eq. (46).13 Thus, FNC0/rpoly
consists of the “easiest” search problems solvable by shallow circuits because
they can be solved to any precision. We do not know if FNC0 = FNC0/rpoly,
but conjecture that this is false:

Conjecture 12. FNC0 ( FNC0/rpoly.

Sampling problems are defined similarly to search problems.

Definition 6 (SampNC0/rpolyε). The complexity class SampNC0/rpolyε con-
sists of all sampling problems S = (Dx)x∈{0,1}∗ for which there exists a
uniformly generated family of classical shallow circuits (Cn+r)n∈N with r =
poly(n) bits of randomized advice such that for all x ∈ {0, 1}∗ the input 〈x〉
implies ∥∥D(C|x|+r)−Dx

∥∥ ≤ ε. (48)

The analogue of Lemma 9 for search problems is the following lemma, which
actually follows from Lemma 9:

Lemma 13. There exist ε1, ε2 such that SampNC0/rpolyε1 ( SampNC0/rpolyε2.
(Proof.)

Therefore, random advice empowers shallow circuits for sampling problems
(though this is hardly surprising):

Corollary 14. There exists ε > 0 such that SampNC0 ( SampNC0/rpolyε.

Similar to search problems, we define the “easiest” sampling problems
solvable on a shallow circuit by

SampNC0/rpoly :=
⋂
ε>0

SampNC0/rpolyε. (49)

Formally, SampNC0/rpoly is the set of all sampling problems S = (Dx)x∈{0,1}∗
for which for all ε > 0 there exists a family of classical shallow circuits
(Cn+rε)n∈N with rε = poly(n, 1/ε) bits of randomized advice, depth dε, and
fan-in kε such that for all x ∈ {0, 1}∗ the input 〈x〉 implies Eq. (48).

When it comes to empowerment, random advice empowers shallow cir-
cuits even for the easiest problems (again, this is not too surprising):

13Here, subscripts denote a potential dependence on ε.
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Lemma 15. SampNC0 ( SampNC0/rpoly. (Proof.)

Here, the separating problem is to essentially mimic the roll of a large dice.

3.4 Quantum Shallow Circuits and QNC0

An n-partite quantum state ρn can be measured by n parties with the hope of
sampling from some distribution Dn over n bits. In this way, measurements
on a family of quantum states (ρn)n∈N can feasibly yield statistics that solve
a sampling problem (Dn)n∈N ∈ SampNC0/rpolyε for some ε > 0. But what
quantum states are allowed? To make the comparison to classical shallow
circuits fair, it is natural to require ρn to be realizable on a quantum shallow
circuit, which is a restricted type of quantum computer.

Although most have an intuitive understanding of what is meant by
“quantum computer”, a formal definition of this term is actually quite elusive.
In fact, in Nielsen and Chuang’s textbook [55], which is canonically regarded
as the authoritative reference for introductory quantum computing, “quan-
tum computer” is never defined. As underscored in [56], the literature tends
to dance around several different types of definitions of “quantum computer”,
from quantum Turing machines [57] to adiabatic quantum processors [58].

The circuit based model, however, is perhaps the most widespread, which
Yao proved to be equivalent to the quantum Turing machine [59]. Here the
image of a quantum computer is as an array of initially separated qubits
that pass through a network of basic quantum operations [55, 60]. The set
of such basic quantum operations is called a quantum gate set and is akin to
the basis of a classical Boolean circuit.

Like we did for classical Boolean circuits, we restrict to quantum gate
sets with bounded fan-in. Incidentally, the no-cloning theorem implies that
quantum gate sets must also have bounded fan-out.

In this essay we use the “Clifford + T ” gate set, which includes the single-
qubit gates

H =
1√
2

(
1 1
1 −1

)
, S =

(
1 0
0 i

)
, and T =

(
1 0
0 eiπ/4

)
(50)

as well as the two-qubit controlled-Z gate CZ = |0〉〈0| ⊗ 12 + |1〉〈1| ⊗ Z,
where 1n is the n× n identity matrix and

Z =

(
1 0
0 −1

)
(51)
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is the Pauli Z gate. We also require the Pauli X and Rz(θ) rotation gates:

X =

(
0 1
1 0

)
and Rz(θ) =

(
e−iθ/2 0

0 eiθ/2

)
. (52)

Given the Clifford+T gate set, we define a layer U as a finite tensor
product of operators in Clifford+T . Thus a layer is a unitary operator. The
size of the layer U is the number of Clifford+T gates that compose it. A
quantum circuit Q of depth d consists of a sequence of d layers U1, . . . , Ud
multiplied together in reverse order: Q = Ud · · ·U1. The size of the quantum
circuit Q is the sum of the sizes of the layers U1, . . . , Ud. Altogether, then, a
quantum circuit of depth d corresponds to the unitary operator

Q = Ud · · ·U1 =
d∏
i=1

⊗
j(i)

Oj, (53)

where Oj is some Clifford+T gate. That every unitary operator can be
approximated arbitrarily by a factorization of this sort is the statement that
the Clifford+T gate set is universal. This is nontrivial and profound [55].

Whereas in a classical circuit the input is a bit string x = σ1 . . . σn ∈
{0, 1}n, in a quantum circuit the input is a qudit |x〉 = |σ1〉 ⊗ · · · ⊗ |σn〉.
Thus, on input 〈x〉, the output of a quantum circuit Q is the state Q|x〉. To
obtain a classical output, we measure this state in the computational basis.
Thus, on input |x〉, the distribution of a quantum circuit Q is

Pr
Y∼D(Q)

(Y) = |〈Y|Q|x〉|2 (54)

for every valuation Y = y ∈ {0, 1}n. Incidentally, Eq. (54) is identical to

Pr
Y∼D(Q)

(Y) = Tr
(
ρQ(x)MY

)
, (55)

where ρQ(x) = Q|x〉〈x|Q† is the density operator of the state Q|x〉 and MY =
|Y〉〈Y| projects into the Y subspace. Like for classical circuits, we allow for
the possibility that the input to the quantum circuit is decided by a classical
random variable X. In this case, the output distribution Eq. (55) becomes
the conditional distribution

Pr
Y|X∼D(Q)

(Y | X) = Tr
(
ρQ(X)MY

)
. (56)
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It is the purpose of the remainder of this section to find a set of conditions
under which this distribution is compatible with QGHZn. Among other
conditions, it will turn out that we require Q to be shallow.

Let Qn be a quantum circuit on n qubits. Then a family of quantum
shallow circuits (Qn)n∈N is a family of quantum circuits whose depth d does
not scale with n. Similar to classical shallow circuits, we say the family
(Qn)n∈N is uniformly generated if and only if there exists a DTM T such
that T(0n) yields a description of Qn in log-space. In this way, classical and
quantum shallow circuit families are placed on the same footing, and so a
comparison between the two becomes fair.

Given the output distributions of a quantum shallow circuit, we can now
define the set of sampling and search problems that they can compute. Of
course, these are analogous to the classical definitions.

Definition 7 (SampQNC0
ε). Fix ε > 0. The complexity class SampQNC0

ε

consists of all sampling problems S = (Dx)x∈{0,1}∗ for which there exists a
uniformly generated family of quantum shallow circuits (Qn)n∈N such that
for all x ∈ {0, 1}∗ the input 〈x〉 implies∥∥D(Q|x|)−Dx

∥∥ ≤ ε. (57)

This definition is a refinement of the definition of SampQNC0 given in [61].
The same is also true for their definition of FQNC0, which we define as follows.

Definition 8 (FQNC0
ε). Fix ε ∈ (0, 1

2
). The complexity class FQNC0

ε consists
of all search problems R = (Ax)x∈{0,1}∗ for which there exists a uniformly
generated family of quantum shallow circuits (Qn)n∈N such that for all x ∈
{0, 1}∗ the input 〈x〉 implies

Pr
Y|X∼D(Q|x|)

(Y ∈ Ax | X = x) ≥ 1− ε. (58)

As before, the “easy” sampling and search problems are

SampQNC0 :=
⋂
ε>0

SampQNC0
ε and FQNC0 :=

⋂
ε∈(0, 1

2
)

FQNC0
ε . (59)

Since it is possible to simulate the standard classical basisB0 = {∧2,∨2,¬}
with Clifford+T gates [55], quantum shallow circuits are at least as powerful
as classical shallow circuits. We therefore have the trivial inclusions:

SampNC0/rpoly ⊆ SampQNC0 and FNC0/rpoly ⊆ FQNC0. (60)
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In other words, among the “easy” sampling and search problems that quan-
tum shallow circuits can solve are the “easy” sampling and search problems
that classical shallow circuits can solve. The same is manifestly true for the
“hard” problems: for any valid ε > 0 it holds that quantum shallow circuits
are at least as powerful as classical shallow circuits:

SampNC0/rpolyε ⊆ SampQNC0
ε and FNC0/rpolyε ⊆ FQNC0

ε . (61)

We will interrogate these relationships in more detail in Sec. 3.5.
Given a quantum shallow circuit Qn, the input |0〉⊗n generates an out-

put state ρQn. If we measure this state in different bases, then the output
distributions we obtain will in most cases be different. Such an idea is the
germ of an alternative quantum computational model originally developed by
Raussendorf, Browne, and Briegel: measurement-based quantum computation
(MBQC) [62, 63].

Roughly speaking, an MBQC computer, also called a one-way quantum
computer, works by first preparing a highly entangled state known as a cluster
state and then adaptively measuring the qubits in a way that solves the
computational problem. Thus, the input to a one-way quantum computer
encodes the basis and order in which the individual qubits in the cluster are
measured [64]. In a way, this introduces a temporal order to the computation,
so it is ostensibly well-suited to a qDAG-like representation [63]. MBQC
is plainly contra to quantum circuits, where a computational problem is
encoded as a product state, acted on by a series of Clifford+T gates, and
then measured in the computational basis. In a quantum circuit, there is no
clear temporal order of events, and so the quantum circuit model is generally
ill-suited to a qDAG-like representation.

As mentioned, the main resource used in MBQC is a cluster state. This
is an instance of a more general state known as a graph state. Given an
undirected graph G = (V,E), the graph state for G is defined as

|G〉 :=
∏
e∈E

CZe
⊗
v∈V

|+〉v, (62)

where CZe is the controlled-Z operation acting on the registers in the edge e
and |+〉v = 1√

2
(|0〉+ |1〉). A k-dimensional cluster state |G〉 is a graph state

in which G is a k-dimensional lattice.
The notational similarity between Eqs. 53 and 62 is manifest. It makes

it sensible to wonder, what depth quantum circuit is required to prepare a
graph state |G〉 on |V | = n vertices?
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Starting in the state |0〉⊗n, one can prepare ⊗v∈V |+〉v in constant depth
with the Clifford+T gate set because ⊗v∈V |+〉v = H⊗n|0〉⊗n. It remains to
modify the phases between the qubits as specified by the edges of the graph
G. By Eq. (62), we accomplish this by applying a CZe gate to each edge
e ∈ E. Therefore, the size of the circuit is at most n + |E| and the depth
is at most 1 + |E|. By the handshaking lemma (1), |E| = O(n). Therefore,
graph states can be prepared on quantum circuits with at most linear size
and linear depth.

Recalling the discussion of undirected graphs in Sec. 1.1, it is not difficult
to see that the depth can be reduced through parallelization and an edge
coloring c : E → {1, . . . , χc}. Since for all edge colorings c it holds that
χc ≤ ∆(G) + 1, it follows that the quantum circuit needs at most ∆(G) + 1
layers to implement the |E| many CZe gates. Hence, the depth required
to make a graph state is O(∆(G)) [65]. Since ∆(G) is constant for any k-
dimensional lattice graph G, a k-dimensional cluster state can be prepared
on a constant depth quantum circuit [66]. This conclusion is interesting,
because dimension two or higher cluster states constitute a universal resource
for MBQC, meaning quantum circuits and one-way quantum computers can
simulate each other [62, 63, 67, 68].

In particular, a one-way quantum computer can simulate a quantum shal-
low circuit Q. This implies that given a graph state |G〉 and an input 〈x〉,
there exists a completely-positive and trace-preserving map P (x) consist-
ing of CZ operations, measurements Mα in the basis 1√

2
(|0〉 ± eiα|1〉), where

α ∈ [0, 2π), and X and Z Pauli operations such that P (x)|G〉〈G| = Q|x〉〈x|Q†
[69]. In MBQC, the map P is called a measurement pattern and is evidently
the MBQC equivalent of a quantum circuit. It follows, therefore, that given
a family of quantum shallow circuits (Qn)n∈N, there exists a family of cluster
states and measurement patterns (ρn, Pn)n∈N such that for all x ∈ {0, 1}∗ it
holds that Qn|x〉〈x|Q† = P|x|(x)ρ|x|.14

Of course, in order to fairly compare a one-way quantum computer to
shallow circuits, we need an understanding of how the complexity measures in
each relate. Whereas the formal details of this comparison require an exposi-
tion of the measurement calculus, which is essentially an algebraic framework
that neatly characterizes MBQC [69], it suffices for our purposes to provide
a rough outline of the ideas. The main references are [63] and [69].

Similar to quantum circuits, there are two complexity measures that are

14Here the cluster state ρ|x| at most depends on the size of x but not x itself.
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distinguished when talking about measurement patterns. Coincidentally,
they are also called size and depth. The size of a measurement pattern
P is the number of CZ operations, Mα measurements, and X and Z Pauli
operations that constitute P . On the other hand, the depth of P is, roughly
speaking, the longest subsequence of operators in P that “depend” on the out-
put of an operator that precedes it [70]. Such dependency has to do with the
adaptive nature of the computation; it is made explicit in the measurement
calculus formalism [69].

With these definitions, the complexity of a quantum computer can be
related to the complexity of the one-way computer that simulates it [63]:

Proposition 16. If Q is a quantum circuit of size sQ and depth dQ, then Q

can be simulated by a measurement pattern P of size O(sQ) and depth O(dQ).

Consequently, a family of quantum shallow circuits (Qn)n∈N can be simu-
lated by a family of cluster states and constant depth measurement patterns
(ρn, Pn)n∈N.

Based on the information so far, it is natural to conjecture that there is a
complexity theoretic equivalence here—namely, that what can be computed
in constant depth and polynomial size on a quantum circuit can also be
computed in constant depth and polynomial size on a one-way quantum
computer. However, this is false because no constant depth quantum circuit
can determine if an input 〈x〉 has an even or odd number of bits equal to
1,15 whereas a constant depth one-way computer can [71]. Consequently, the
simulation of a one-way computer on a quantum circuit requires a deeper
depth. How much deeper was established by Broadbent and Kashefi [70, 72]:

Proposition 17. If P is a measurement pattern of size sP and depth dP ,
then the action of P on any k-dimensional cluster state can be simulated by
a quantum circuit Q of size O(s3

P ) and depth O(dP log sP ).

Consequently, if P is a constant size and constant depth measurement
pattern, then it can be simulated on a constant size quantum shallow circuit.
However, if P is polynomial size and constant depth, then it cannot in general
be simulated on a polynomial size quantum shallow circuit. Interestingly, if
we allow quantum circuits to have unbounded fan-out gates, then the depth
complexities become the same [70].

15This is a famous decision problem in complexity theory called parity.
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Let P be a measurement pattern with polynomial size sP and unit depth
dP = 1. By Proposition 17, such a pattern is not necessarily simulable by
a quantum shallow circuit. However, the unit depth restriction implies that
each operation in P acts on distinct qubits in the cluster state. Hence, a
unit depth measurement pattern acts on single qubits only, and hence can
be expressed as the tensor product

P =
sP⊗
i=1

Ai, (63)

where, in general, each Ai is a sequence of measurements Mαi and Xi and
Zi Pauli operations that can depend on the input to the computer.

It is proved in [70] that to simulate theXi and Zi Pauli operations in a unit
depth measurement pattern requires a shallow circuit with unbounded fan-
out. As we want bounded fan-out, we restrict the measurement pattern P to
be measure-only, that is, we require that each Ai = Mαi for some αi ∈ [0, 2π).
It is easily verified thatMαi = HRz(−αi). Consequently, provided αi is such
that Rz(−αi) can be computed in constant depth, the polynomial size and
constant depth measurement pattern (63) can be simulated on a polynomial
size quantum shallow circuit. In particular, there exists a quantum shallow
circuit Q such that, for some cluster state ρ, the input 〈x〉 implies

Pr
Y∼D(Q)

(Y) = Tr(ρ|Y〉〈Y|P (x)). (64)

As |Y〉〈Y| = |Y1〉〈Y1| ⊗ · · · ⊗ |Y|x|〉〈Y|x|| is a product of single qubit projectors,
the product |Yi〉〈Yi|Mαi(x) = Mαi

Yi
(x). Furthermore, like we did for classi-

cal and quantum shallow circuits, we can imagine that the input 〈x〉 is a
valuation of some random variable X. Then, the circuit that simulates the
measure-only measurement pattern P satisfies, for some cluster state ρ, the
conditional probability distribution

Pr
Y|X∼D(Q)

(Y | X) = Tr
(
ρMα1

Y1
(X)⊗ · · · ⊗Mα|X|

Y|X|
(X)
)
. (65)

It is now evident that this distribution is compatible with QGHZ|x|,|x|+1. In
particular, if Mαi

Yi
only depends on at most m input bits Xi1 , . . . , Xim , then

the distribution is compatible with QGHZn,m.

Theorem 18. If Pn is a measure-only measurement pattern on an n qubit
cluster state such that the measurement operators can be realized in constant
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depth, then there exists a quantum shallow circuit Qn that can simulate Pn
and whose output distribution D(Qn) is compatible with QGHZn,m for some
m ≥ 0.

3.5 Quantum Advantage and Discussion

By “quantum advantage” (“quantum speedup”, “quantum supremacy”, etc.)
one typically means that there exists a computational task that a quantum
computer can efficiently solve that no classical computer can efficiently solve.
Hence, by this definition, if there is a quantum advantage, then the extended
Church-Turing thesis (ECT) is false. Indeed, this type of quantum advantage
is what is at stake by the conjectured inequivalence of BPP and BQP, where
BQP is the quantum analogue of BPP [44]. However, there is a weaker notion
of quantum advantage that does not entail violating the ECT. This second
notion is the one we mean in this essay.

More precisely, we are concerned with a potential advantage with quan-
tum shallow circuits. Given the two main types of complexity classes we
have defined (“easy” and “hard” sampling/search problems), there are natu-
rally two different types of advantage one can speak of.

Definition 9 (Weak/Strong Sampling Advantage). We say quantum shallow
circuits offer a weak sampling advantage if and only if there exists ε > 0 such
that

SampNC0/rpolyε ( SampQNC0
ε . (66)

On the other hand, quantum shallow circuits offer a strong sampling advan-
tage if and only if there exists ε > 0 such that

SampNC0/rpolyε ( SampQNC0. (67)

Thus, there is a strong sampling advantage if and only if there is a sam-
pling problem that is “easy” for some quantum shallow circuit but “hard”
for every classical shallow circuit. The definitions of weak and strong search
advantage are analogous.

Evidently, a strong sampling (search) advantage implies a weak sampling
(search) advantage. What is more interesting, though, is that a strong sam-
pling advantage implies a strong search advantage. This more or less follows
because search problems are instances of sampling problems.
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Lemma 19. SampNC0/rpolyε = SampQNC0 =⇒ FNC0/rpolyε = FQNC0.
(Proof.)

Likewise, a weak sampling advantage implies a weak search advantage by
essentially the same logic.

Lemma 20. SampNC0/rpolyε = SampQNC0
ε =⇒ FNC0/rpolyε = FQNC0

ε .
(Proof.)

In 2018, Bravyi, Gosset, and König proved a strong search advantage
for quantum shallow circuits [11]. By Theorem 19, there is thus a strong
search advantage for quantum shallow circuits as well. This was quickly
extended to more powerful complexity classes [61]. A natural question is if
this advantage is robust to noise. Indeed, it is shown in [54] and [73] that
the advantage of quantum shallow circuits is noise tolerant in the sense that
the advantage with noise is weak (though hardly, ε < 0.01 [54]). That a
strong advantage without noise will generically lead to no advantage or a
weak advantage is easy to see with a primitive constant error model, at least
for sampling problems.

Let S = (Dx)x∈{0,1}∗ ∈ SampQNC0\SampNC0/rpolyε be a sampling prob-
lem for which there is a strong sampling advantage (in [11], ε < 1/8 suffices).
Then by definition there exists a family of quantum shallow circuits (Q)n∈N
and a family of classical shallow circuits (Cn+r)n∈N such that the input 〈x〉
implies

∀δ > 0 :
∥∥D(Q|x|)−Dx

∥∥ ≤ δ and
∥∥D(C|x|)−Dx

∥∥ ≤ ε. (68)

But with constant noise, each D(Q|x|) is instead some other distribution
D̃(Q|x|) satisfying

∥∥∥D(Q|x|)− D̃(Q|x|)
∥∥∥ ≤ η|x|, where η|x| is the noise rate on

|x| qubits. By the triangle inequality,

∀δ > 0 :
∥∥∥D̃(Q|x|)−Dx

∥∥∥ =
∥∥∥D̃Q|x| −D(Q|x|) + D(Q|x|)−Dx

∥∥∥ (69)

≤
∥∥∥D̃(Q|x|)−D(Q|x|)

∥∥∥+
∥∥D(Q|x|)−Dx

∥∥ (70)

≤ η|x| + δ. (71)

Consequently, if it holds that η := lim supn→∞ ηn < ε, then the most we can
conclude is that S ∈ SampQNC0

η\SampNC0/rpolyη—that is, there exists a
weak sampling advantage. As far as we know, it is an open question whether
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the strong sampling advantage of quantum shallow circuits is robust, let alone
their strong search advantage.

In [17], Aaronson proves the “sampling and search equivalence theorem”,
which ultimately entails that SampBPP = SampBQP if and only if FBPP =
FBQP. In other words, efficient classical computers and efficient quantum
computers sample from the same distributions if and only if efficient classical
computers and efficient quantum computers solve the same search problems.
This is fascinating, because it implies that a quantum advantage at the level
of sampling implies a quantum advantage at the level of search.

Whereas the forward direction of the sampling/search equivalence the-
orem holds for shallow circuits (Lemmas 19 and 20), attempting to apply
Aaronson’s argument to the other direction seems to fail. The main imped-
iment is that a classical shallow circuit can most likely not choose an input
bit uniformly at random. We say “most likely” because we have not found a
proof of this fact, but it seems plausible based on the limited computational
abilities of shallow circuits.

While there are also some more subtle details up in the air, we do propose
the following conjectures that are still very much in the spirit of Aaronson’s
sampling/search equivalence theorem. The idea is simple: since the main
impediment is an inability to uniformly choose an input bit, simply empower
the circuits with an oracle U that does it for us.

Conjecture 21. (SampNC0/rpolyε)
U = (SampQNC0)U ⇐⇒ (FNC0/rpolyε)

U =
(FQNC0)U .

Similarly, we expect this to hold even at the level of a weak advantage.

Conjecture 22. (SampNC0/rpolyε)
U = (SampQNC0

ε)
U ⇐⇒ (FNC0/rpolyε)

U =
(FQNC0

ε)
U .

If it could be shown that U or something equivalent to it can be simulated on
shallow circuits, then it would suffice to prove a strong sampling advantage
to prove a strong search advantage. By Lemma 20, the simple robustification
argument given above would then carry through to search problems as well.

Although we have not been able to prove a weak sampling or search
advantage with quantum shallow circuits using the tools developed herein
(let alone a strong sampling or search advantage), our results point toward
what we find to be an intriguing way forward. By Theorems 8 and 18, if
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Cn+r is a classical shallow circuit of depth d and fan-in k and Qn is quan-
tum shallow circuit over the Clifford+T gate set representing a measure-
only measurement pattern P , then D(Cn+r) is compatible with GHZn,kd and
D(Qn) is compatible with some QGHZn,m. Therefore, if Qn is such that
D(Qn) ∈ P(QGHZn,m)\P(GHZn,kd)—that is, if D(Qn) is in the QC-gap
of GHZn,kd relative to QGHZn,m—then it follows that no classical shallow
circuit can sample from D(Qn) exactly.

Of course, provided n > kd + 1, the QC-gap is non-empty (Theorem 6).
But the question is if there exists a distribution in the QC-gap that can be
realized by a quantum shallow circuit. In other words, is there a measure-
only measurement pattern P on n qubits such that its output distribution is
in the QC-gap? One potential way forward is to use the fact that to every
graph state |G〉 there corresponds a generalized Bell inequality BG [65, 74–76].
Thus, for a family of cluster states (ρn)n∈N, if it could be shown that their
corresponding generalized Bell inequalities Bρn as described in [75] can be
realized by a family of measure-only measurement pattern (Pn)n∈N, and thus
by a family of quantum shallow circuits (Qn)n∈N, then the Bell sampling
problem

SB :=
(
Dx | Bρ|x|(p) > 0

)
x∈{0,1}∗

, (72)

where p ∈ ∆2|x| is the point in the probability simplex ∆2|x| corresponding
to Dx, would not only witness the QC-gap, but would also prove a strong
sampling advantage. This would, in other words, demonstrate a quantum ad-
vantage based purely on a QC-gap. This research is ongoing and is something
on which we hope to report soon.
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A Two Tricks for Proving a QC-Gap

Let mDAG and qDAG denote the set of all mDAGs and qDAGs, respectively.
We say a map X : mDAG× qDAG→ mDAG× qDAG is QC-gap non-increasing for
G ∈ mDAG and QG ∈ qDAG if and only if

(G,QG)
X7−→ (GX, QGX) =⇒ P(QG)\P(G) ⊇P(QGX)\P(GX). (73)

While we prefer to characterize QC-gap non-increasing maps in terms of
compatible distributions, there is an equivalent characterization in terms of
statistical models (which have the intuitive advantage of being geometrical
in nature). Namely, Eq. (73) holds, and hence X is QC-gap non-increasing,
if and only if

(G,QG)
X7−→ (GX, QGX) =⇒ M(QG)\M(G) ⊇M(QGX)\M(GX). (74)

Though trivial, the following theorem makes it plain that the terminology
“QC-gap non-increasing” is sensible:

Theorem 23. If X is QC-gap non-increasing for G and QG, then G admits
a QC-gap relative to QG if GX admits a QC-gap relative to QGX.

In [15], the authors call QC-gap non-increasing maps tricks. Below we
describe two such tricks for the mDAG GHZn,m and the qDAG QGHZn. The
general case is obviously more complicated.

Recall that GHZn,m is the mDAG (V ∪{Λ}, E) where the visible vertices
V = {X1, . . . , Xn, Y1, . . . , Yn}, for all Xi ∈ V it holds that pa(Xi) = ∅, and for
all Yi ∈ V it holds that lpa(Yi) = {Λ} and |vpa(Yi)| = m + 1. QGHZn, on
the other hand, is isomorphic to GHZn = GHZn,0 as a directed graph.

Definition 10 (GHZ Conditioning Trick). Let X be a visible vertex in
GHZn,m satisfying pa(X) = ∅. The GHZ conditioning trick is the map

condX : (GHZn,m,QGHZn) 7→ (GHZcondX

n,m ,QGHZcondX

n ), (75)

where QGHZcondX

n is QGHZn but with X removed (as well as the edge stem-
ming from it) and GHZcondX

n,m is GHZn,m but with X removed (as well as the
m+ 1 edges stemming from it).

That this map is a bona fide trick is the content of the next theorem [15].
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Theorem 24. The GHZ conditioning trick is QC-gap non-increasing for
GHZn,m and QGHZn.

Definition 11 (GHZ Marginalization Trick). Let Yi be a visible vertex in
GHZn,m satisfying pa(Yi) 6= ∅. The GHZ marginalization trick is the map

margYi : (GHZn,m,QGHZn) 7→ (GHZ
margYi
n,m ,QGHZ

margYi
n ), (76)

where QGHZ
margYi
n = QGHZn−1 with Yi and Xi removed (as well as all edges

including them) and GHZ
margYi
n,m = GHZn−1,m with Yi and Xi removed (as well

as all edges including them).

As before, this map is a genuine trick because of the following theorem [15].

Theorem 25. The GHZ marginalization trick is QC-gap non-increasing for
GHZn,m and QGHZn.
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B Selected Proofs

B.1 Proofs for Section 2

Proof of Theorem 5. (See Appendix A for the preliminaries of this proof.)
We induct on n ≥ 2. If n = 2, then GHZ2 is the Bell scenario, which by
Bell’s theorem admits a QC-gap. Now suppose GHZn admits a QC-gap and
consider GHZn+1. Marginalizing Yn+1 generates a distribution compatible
with GHZn, which by assumption admits a QC-gap. Since marginalization
is QC-gap non-increasing, GHZn+1 must also admit a QC-gap. �

Proof of Theorem 6. (See Appendix A for the preliminaries of this proof.)
If n > m + 1, then in GHZn,m there exist visible nodes Yi and Yj such that
pa(Yi)∩pa(Yj) = {Λ}. Marginalize every Yk ∈ {Y1, . . . , Yn}\{Yi, Yj} and then
condition each Xk ∈ {X1, . . . , Xn}\{Xi, Xj} on some xk ∈ Σ. This generates
an mDAG that is isomorphic to GHZ2,0, which, by Bell’s theorem, admits a
QC-gap. Therefore, since both marginalization and conditioning are QC-gap
non-increasing, GHZn,m with n > m+ 1 must also admit a QC-gap. �

B.2 Proofs for Section 3

Proof of Lemma 7. Each Yj is the output of an elementary gate with fan-in
at most k. Each of those inputs come from a gate with fan-in at most k.
The argument repeats down to the longest path in the graph, that is, to the
depth d which is constant. Thus, ignoring the advice, Yj can depend on at
most kd input bits. �

Proof of Lemma 11. It suffices to prove that NC0/rpolyε ⊆ NC0 holds for all
ε ∈ (0, 1

2
). To this end, fix ε ∈ (0, 1

2
) and suppose L ∈ NC0/rpolyε. Then

there exists a family of shallow circuits (Cn+r)n∈N with r = poly(n) bits of
randomized advice, depth d and fan-in k such that for all x ∈ L the input
〈x〉 implies PrY|X∼D(C|x|+r)(Y = 1 | X = x) ≥ 1− ε.

Since each Cn+r : {0, 1}n+r → {0, 1} has bounded fan-in k and constant
depth d, its output is a function of at most kd inputs. Therefore, deciding
L ∈ NC0/rpolyε is equivalent to computing a kd-ary function f : {0, 1}kd →
{0, 1}. There are 2k

d such functions, each of which is computable by the
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shallow circuit equal to its DNF. Thus, L ∈ NC0, and hence for all ε ∈ (0, 1
2
)

it holds that NC0/rpolyε ⊆ NC0. �

Proof of Lemma 13. We prove the proposition(
∀ε1, ε2 > 0 : SampNC0/rpolyε1 = SampNC0/rpolyε2

)
=⇒

(
∀δ1, δ2 ∈ (0, 1/2) : FNC0/rpolyδ1 = FNC0/rpolyδ2

)
, (77)

from which the result follows by contrapositive and Lemma 9.
Supposing the premise of Eq. (77), choose δ1, δ2 ∈ (0, 1

2
) such that δ1 < δ2.

(If δ1 = δ2, then we are done). Evidently, FNC0/rpolyδ1 ⊆ FNC0/rpolyδ2 , so it
remains to prove the reverse direction. To this end, let R = (Ax)x∈{0,1}∗ be
a search problem in FNC0/rpolyδ2 . Then there exists a shallow circuit family
(Cn+r)n∈N such that for all x ∈ {0, 1}∗ the input 〈x〉 implies

Dx,δ2 := Pr
Y|X∼D(C|x|+r)

(Y ∈ Ax | X = x) ≥ 1− δ2. (78)

The collection S = (Dx,δ2)x∈{0,1}∗ defines a sampling problem. Evidently,
S ∈ SampNC0/rpolyδ2 because

∥∥D(C|x|+r)−Dx,δ2

∥∥ = 0. By assumption,
Dx,δ2 ∈ SampNC0/rpolyδ for any δ > 0, which means there exists a shallow
circuit family (C̃n+r̃)n∈N such that for all x ∈ {0, 1}∗ the input 〈x〉 implies∥∥∥D(C̃|x|+r̃)−Dx,δ2

∥∥∥ ≤ δ. (79)

Thus, (C̃n+r)n∈N samples from Dx,δ2 to within any δ > 0, which is to say that
(C̃n+r)n∈N solves R. Hence, R ∈ FNC0/rpolyδ1 , as desired. �

Proof of Lemma 15. Let Suniform := (Dx)x∈{0,1}∗ be the uniform sampling
problem, where each Dx is a uniform distribution over p(|x|) ∈ poly(|x|)
bits—that is, PrY∼Dx(Y) = 1/p(|x|). Consider now the family of classical
shallow circuits (Cn+r)n∈N with r = p(x) bits of randomized advice Λ such
that for all x ∈ {0, 1}∗ it holds that C|x|+r(x,Λ) = Λ. In other words,
the input is simply ignored. This circuit family has zero depth and zero
fan-in, so it is trivially shallow. Now choose the randomized advice to be
Dx-random. Then the output of each C|x|+r samples from Dx. Hence, for
all x ∈ {0, 1}∗ the input 〈x〉 implies

∥∥D(C|x|+r)−Dx

∥∥ = 0, and therefore
Suniform ∈ SampNC0/rpoly.
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To obtain a contradiction, suppose Suniform ∈ SampNC0. Then for all ε > 0
there exists a family of shallow circuits (Cn)n∈N such that for all x ∈ {0, 1}∗
the input 〈x〉 implies

∥∥D(C|x|)−Dx

∥∥ ≤ ε. This implies, for every valuation
Y = y ∈ {0, 1}p(|x|),

1

2

∣∣∣∣ Pr
Y∼D(C|x|)

(Y)− 1

p(|x|)

∣∣∣∣ ≤ ε. (80)

But this is impossible, because C|x| is deterministic, and so all but one valu-
ation is zero. Therefore, Suniform 6∈ SampNC0. �

Proof of Lemma 19. Suppose SampNC0/rpolyε = SampQNC0. It is plain that
FNC0/rpolyε ⊆ FQNC0, so it remains to prove FQNC0 ⊆ FNC0/rpolyε. To this
end, let R = (Ax)x∈{0,1}∗ be a search problem in FQNC0. Then for all δ > 0
there exists a family of quantum shallow circuits (Qn)n∈N such that for all
x ∈ {0, 1}∗ the input 〈x〉 implies

Dx,δ := Pr
Y|X∼D(Q|x|)

(Y ∈ Ax | X = x) ≥ 1− δ. (81)

The collection S = (Dx,δ)x∈{0,1}∗ constitutes a sampling problem. Evidently,
S ∈ SampQNC0 because

∥∥D(Q|x|)−Dx,δ

∥∥ = 0. Thus, by the assumption
SampNC0/rpolyε = SampQNC0, there is a family of classical shallow circuits
that sample from the distributions in S to within ε. This is sufficient, because
by construction the distributions in S solve the search problem R. �

Proof of Lemma 20. The proof is the same as the proof of Lemma 19, except
with the definitions mended for proving the statement FQNC0

ε ⊆ FNC0/rpolyε.
�
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