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Black Holes, n = 3



Schwarzschild, Reissner, and Nordström

Schwarzschild Black Hole

gS(M)

Characteristic Properties

• electrically neutral

• static

• asymptotically flat

gS(M)→ −
(
1− M

r

)
dt2 +

(
1− M

r

)−1
dr2 + r2dΩ2

2
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Schwarzschild, Reissner, and Nordström

Reissner-Nordström Black Hole

gRN(M,Q)

Characteristic Properties
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The Problem

Schwarzschild Reissner-Nordström

gS(M) gRN(M,Q)
?
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gS(M)

q, rq

Φ(r , rq) ∝ q
r + (rq − rs)× O(r−2)︸ ︷︷ ︸

multipoles

lim
rq→r+

s

Φ(r , rq) ∝ q
r

(spherical symmetry!)

gS(M) gRN(M,Q)

q, rq
(Q ∝ q)



gS(M)

q, rq

Φ(r , rq) ∝ q
r + (rq − rs)× O(r−2)︸ ︷︷ ︸

multipoles

lim
rq→r+

s

Φ(r , rq) ∝ q
r

(spherical symmetry!)

gS(M) gRN(M,Q)

q, rq
(Q ∝ q)



gS(M)

q, rq

Φ(r , rq) ∝ q
r + (rq − rs)× O(r−2)︸ ︷︷ ︸

multipoles

lim
rq→r+

s

Φ(r , rq) ∝ q
r

(spherical symmetry!)

gS(M) gRN(M,Q)

q, rq
(Q ∝ q)



gS(M)

q, rq

Φ(r , rq) ∝ q
r + (rq − rs)× O(r−2)︸ ︷︷ ︸

multipoles

lim
rq→r+

s

Φ(r , rq) ∝ q
r

(spherical symmetry!)

gS(M) gRN(M,Q)

q, rq
(Q ∝ q)



The No-Hair Theorem



The No-Hair Theorem



The No-Hair Theorem

g

g = g(M,Q, J) not g(red, blue, green, . . . )

W. Israel, Phys. Rev. 164, 1776 (1967)

B. Carter, Phys. Rev. Lett. 26, 331 (1971)

D. C. Robinson, Phys. Rev. Lett. 34, 905 (1975)



The “Sledgehammer” Solution

Schwarzschild Reissner-Nordström

gS(M) gRN(M,Q)

q

(Q ∝ q)



Black Hole Topology, n = 3

Theorem (Hawking, 1972). Black hole boundary B satisfies∫
B
R dA > 0

Theorem (Gauss-Bonnet). A closed 2D Riemannian manifold B
with scalar curvature R satisfies∫

B
R dA = π(2− 2× genus)

genus 0 genus 1

· · ·

S. W. Hawking, Commun. Math. Phys. 25, 152 (1972)
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Black Holes, n > 3



Black Hole Topology, n > 3

Let g be a Riemannian metric on B and define conformal class

[g ] ≡
{
h = e2f g

∣∣ f : B → R
}

Associate to each conformal class [g ] on B a Yamabe invariant

λ([g ]) = inf
h∈[g ]

(∫
B
Rh dVh

)(∫
B

dVh

)− n−3
n−1

The maximal Yamabe invariant of B is then

σ(B) = sup
[g ]

λ([g ])

Theorem (Lee and Parker, 1987). For compact, Riemannian B,

σ(B) > 0 if and only if B carries metric of positive scalar curvature

J. M. Lee and T. H. Parker, Bull. Am. Math. Soc 17, 37 (1987)
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Black Hole Topology, n > 3

Theorem (Galloway et al., 2006). Black hole boundary B satisfies

σ(B) > 0

i.e. B carries metric of positive scalar curvature

Example (Emparan and Raell, 2002). If n = 4,

B ∼=

S3

or

S2

×

S1

G. J. Galloway and R. Schoen, Commun. Math. Phys. 266, 571 (2006)

R. Emparan and H. S. Raell, Phys. Rev. Lett. 88, 101101 (2002)
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Uniqueness Theorems, B ∼= Sn−1

Schwarzschild-Tangherlini (ST)

gST(M)

Characteristic Properties

• electrically neutral

• static

• asymptotically flat

• non-degenerate horizon

• B ∼= Sn−1

gST(M)→ −
(
1− M

rn−2

)
dt2 +

(
1− M

rn−2

)−1
dr2 + r2dΩ2

n−1

S. Hwang, Geometriae Dedicata 71, 5 (1998)

M. Rogatko, Phys. Rev. D 67, 084025 (2003); Phys. Rev. D 73, 124027 (2006)
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Uniqueness Theorems, B ∼= Sn−1

Reissner-Nordström-Tangherlini

(RNT)

gRNT(M,Q)

Characteristic Properties

• electrically charged

• static

• asymptotically flat

• non-degenerate horizon

• B ∼= Sn−1

gRNT(M,Q)→ −
(
1− M

rn−2 + Q
r2n−4

)
dt2 +

(
1− M

rn−2 + Q
r2n−4

)−1
dr2

+r2dΩ2
n−1

G. W. Gibbons, D. Ida, and T. Shiromizu, Phys. Rev. D 66, 044010 (2002)



Same Problem, n > 3

Schwarzschild-Tangherlini Reissner-Nordström-Tangherlini

gST(M) gRNT(M,Q)

q

?

(Q ∝ q)



Electrostatics in ST Geometry

Task

Solve Maxwell’s equations in ST spacetime (Mn+1, gST),

jν =
1√

| det gST|
∂µ

(√
| det gST|Fµν

)

Approach

Assuming electrostatic conditions with charge q at position rq,

∆Mn+1Φ(r , rq) = qg00δ(r − rq) +
rn−2
s (n − 2)

rn−1
∂rΦ(r , rq)

Poisson’s equation! Use multipole ansatz

Φ(r , rq) =
∑
k≥0

Rk(r , rq)Yk(ϕ)
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Electrostatics in ST Geometry

Radial Equation

Upshot,

lim
rq→r+

s

Rk(r , rq) ∝


1 if k = 0

0 if k ∈ Z+ and (n − 2) | k
Γ(− 2k

n−2 )
Γ(− k

n−2 )Γ(1− k
n−2 )

otherwise

There exist multipole moments (“multipole hair”) when n > 3

Hence, final state is not spherically symmetric!

M. S. Fox, J. Math. Phys. 60, 102502 (2019)
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Multipole Hair of ST Black Holes

Schwarzschild-Tangherlini

gST(M)

q

Reissner-Nordström-Tangherlini

g(M,Q, hair)

(Q ∝ q)

Something Else

M. S. Fox, J. Math. Phys. 60, 102502 (2019)



Final State Properties

ST + Charge Black Hole

g(M,Q, hair)

Characteristic Properties

• electrically charged

• static

• asymptotically flat

• non-degenerate horizon?

• B ∼= Sn−1?

Final state not topologically spherical or possesses degenerate horizon

M. S. Fox, J. Math. Phys. 60, 102502 (2019); Phys. Rev. D 102, 044008 (2020)

M. Rogatko, Phys. Rev. D 67, 084025 (2003); Phys. Rev. D 73, 124027 (2006)
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Radial Equation

R ′′k +
n − 1

r
R ′k −

k(k + n − 2)rn−4

rn−2 − rn−2
s

Rk = 0

Define ρ =
(
rs
r

)n−2
,

ρ2(ρ− 1)R̈k +
k(k + n − 2)

(n − 2)2
Rk = 0

Hypergeometric function! Solve around ρ = 0 so r ∈ (rs ,+∞):

R
(α)
k (r , rs) =

∑
m≥0

αk,mρ
m+χ+

k

R
(ᾱ)
k (r , rs) =

∑
m≥0

ᾱk,mρ
m−χ−

k



Radial Equation

R
(α)
k (r , rs) =

∑
m≥0

αk,mρ
m+χ+

k

R
(ᾱ)
k (r , rs) =

∑
m≥0

ᾱk,mρ
m−χ−

k

Here, χ+
k and χ−k are roots of indicial equation for radial equation,

χ±k =
1± 1

2
+

k

n − 2

Then,

α̃k,m ≡
αk,m

αk,0
=

(χ+
k )m(χ−k )m

m!(2χ+
k )m

and

˜̄αk,m ≡
ᾱk,m

ᾱk,0
=

(−χ−k )m(−χ+
k )m

m!(−2χ−k )m



Radial Equation

Matching asymptotic part with electrostatics in n + 1 Minkowski,

R
(α)
k (r , rs) = r

−(k+n−2)
s

∑
m≥0

α̃k,m

( rs
r

)k+(m+1)(n−2)

R
(ᾱ)
k (r , rs) = rks

∑
m≥0

˜̄αk,m

(
r

rs

)k−m(n−2)



Green’s Function

Φ(r , rq) ∝ q
∑
k∈Λ

Γk∑
l=1

∑
m≥0

α̃k,mR
(ᾱ)
k Y ∗lk (ϕq)Y l

k(ϕ)

rk+n−2
s (2k + n − 2)

( rs
r

)k+(m+1)(n−2)

Here:

Λ = {k ∈ Z+ : (n − 2) - k} ∪ {0}

Γk =
(2k + n − 2)(n + k − 3)!

k!(n − 2)!

There exists a µk -pole moment for each k ∈ Λ provided

µk ≡ k (mod n − 2)
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