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Def. An integer n is perfect iff

o1(n) = Z d =2n.
d|n

e Infinitude? (Euclid-Euler Theorem)
o Parity?

e (Almost-perfect numbers, quasi-perfect numbers, etc.)
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Broad Question: Does there exist a generalization of perfect
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“What do you mean by the divisors of 3.5, or worse 77"
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Generalize to Arithmetic Functions

In broad strokes, a function f is arithmetic iff f : N — C.

e Divisor function:

o(n) =) d*
d|n

e Euler’s totient function:

e Ramanujan’s tau function

G. H. Hardy, E. M. Wright, An Introduction to the Theory of Numbers. Oxford, 1979.



Circa 1918

Srinivasa Ramanujan and G.H. Hardy were studying the
representation of an integer n as the sum of k squares.

G. H. Hardy, Ramanujan: Twelve Lectures on Subjects Suggested by his Life and Work. Cambridge, 1940.
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function, now known as the Ramanujan sum:

cq(n) = Z i (%) d

d|(q,n)
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Ramanujan Sums and Their Properties

Together, studied properties of one particularly remarkable arithmetic
function, now known as the Ramanujan sum:

cq(n) = Z i (%) d

d|(q,n)

Multiplicative: (q,r) =1 = ¢4 (n) = cq(n)c,(n). More generally,

(gm,r) =1 = cqr(mn) = cq(m)c.(n).

Periodicity: m=n (mod q) = c¢4(m) = ¢4(n).

Orthogonality:
lem(q,r)
plgq) g=r
LS ke = | A
lem(q, r) 1 0 qF#r.

S. Ramanujan, Transactions of the Cambridge Phil. Society 22 (1918), 179-19; R. Carmichael, Proc. London
Math. Society, 34 (1932), 1-26; L. Téth, Annali dell’ Universita di Ferrara 58 (2012), 183-197



Ramanujan Expansions

Ramanujan proved

S. Ramanujan, Transactions of the Cambridge Phil. Society 22 (1918), 179-19; G.H. Hardy, Ramanujan:
Twelve Lectures on Subjects Suggested by his Life and Work. Cambridge, 1940.



Ramanujan Expansions

Ramanujan proved

q(”)

@
qk+1

or(n) = n ¢k + 1))

Def. An arithmetic function f : N — C admits a Ramanujan

~

expansion iff there exists a sequence {f(q)} such that Vn € N

S. Ramanujan, Transactions of the Cambridge Phil. Society 22 (1918), 179-19; G.H. Hardy, Ramanujan:
Twelve Lectures on Subjects Suggested by his Life and Work. Cambridge, 1940.
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Ramanujan Expansions: Famous Examples

Divisor function, o4 (n) where k > 0

Number of divisors (k = 0)
log q
oo(n) = — Z cq(n)

> 9

Von Mangoldt

A(n):{logp ifn:pk,kZI_ n Z/,L(q)

0 otherwise o(n) =1 v(q

Ramanujan’s and Hardy’s Zero Functions

ORam (1) = Glm) _ g ang Onar(n) = Z;’((”) -0

=9 q)

S. Ramanujan, Transactions of the Cambridge Phil. Society 22 (1918), 179-19; G.H. Hardy, Ramanujan:
Twelve Lectures on Subjects Suggested by his Life and Work. Cambridge, 1940; M. R. Murty, Hardy-Ramanujan J.
36 (2013), 21-33



Continuous Extensions and Murty’s
Conjecture
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Ramanujan Sums of a Real Variable

Canonically,
g N—=N

But suppose we modify ¢, to some function ¢4 so that
¢g:R—=C and VneN:ch(n)=cq(n).

Then, get continuous interpolations of all Ramanujan expansions:

F(n) = Fla)ca(n) — F(x):=>_ F(q)E (),

q=>1 q>1

i.e., VYne N: f(n) = f(n) continuously.



Ramanujan Sums of a Real Variable: Divisor Function

In particular, the divisor function

~—

ak(n) _ nkc(k =+ ].) Z i;lk(fl) — &k(X) = Xkc(k + 1) Z Eqk(fl

=1 a1 9

such that Vn € N : g4 (n) = ox(n) continuously.



Ramanujan Sums of a Real Variable: Divisor Function

In particular, the divisor function

~—

ak(n) _ nkc(k —+ ].) Z i;lk(fl) — &k(X) = Xkc(k -+ 1) Z E;k(fl

q=1 q>1

such that Vn € N : 54(n) = ox(n) continuously. Then questions about
perfect numbers turn into questions about the roots of the function

P(x) == o1(x) — 2x
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Ramanujan Sums of a Real Variable

Obviously, the Ramanujan sum

is not readily amenable to a real variable generalization.
However, thanks to a result by Kluyver,
Cq(n) _ Z e27r/'l<n/q7
ke(Z/qz)>

which is amenable to a real variable generalization.

G.H. Hardy, Ramanujan: Twelve Lectures on Subjects Suggested by his Life and Work. Cambridge, 1940
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Obvious choice of real variable generalization, n — x:

cq(n) = Z e2mikn/q &(x) = Z e2mikx/q_

ke(Z/qZ)* ke(Z/qZ)*

Clearly,
Vn € N: ¢g(n) = ¢q4(n)

so that, at least naively,

and



Ramanujan Sums of a Real Variable: Murty

This idea was proposed by Murty in 2013, but left unexplored.

f(n)=> fla)eg(n) — F(x) =2 Fa)e(x)
q>1 q>1
Murty: “The interesting thing... is that if the series converges
absolutely and we replace n by a real number x, we obtain a
continuous function which interpolates the given arithmetical
function. In this way, we can view the Ramanujan expansion as a
continuous analogue of the discretely defined arithmetical

function.”

M. R. Murty, Ramanujan series for arithmetical functions, Hardy-Ramanujan J. 36 (2013), 21-33
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Ramanujan Sums of a Real Variable: Heuristics

For this choice of ¢; : R — C,

Eq(X) _ Z e27rikx/q

ke(Z/aZ)"
_ 2 Re(eZWikx/q) 4 2 Im(e2ﬂ'ikx/q).
ke(z/qZ)* ke(z/qZ)*

For “arbitrary” g and each k,
Ry(k) = Re(e?™*/9) ~ Uniform(—1,1)
lq(k) = Im(e2™*/9) ~ Uniform(—1, 1).

Then, roughly speaking,

GO)~E| Y (R (k)| = Y (0 =0.
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Ramanujan Sums of a Real Variable: Heuristics

From

)= Y, emla= Zﬂ(f) :

ke(Z/qZ)* d|(q,n)

it is plain that

oMl < Y |u(3)-]




Ramanujan Sums of a Real Variable: Conjectures

Let

= 3" F(@)ea(n)

q=>1
and suppose we want f to absolutely converge,

Z )f(q)cq(n)’ < oo

q>1

Since |cq(n)| = O,(1), asymptotically we must have
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f(q) =o(g™?).



Ramanujan Sums of a Real Variable: Conjectures

Let

= 3" F(@)ea(n)

q=>1
and suppose we want f to absolutely converge,

Z )f(q)cq(n)’ < oo

q>1

Since |cq(n)| = O,(1), asymptotically we must have

o~

f(q) =o(g™?).

Lemma: Let f : N — N admit a Ramanujan expansion with Ramanujan
coefficients {f(q) : ¢ > 1}. If f(q) = o(g~ 1), then the Ramanujan
expansion of f absolutely converges.
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Murty: “...if [f(n)] converges absolutely and we replace n by a real
number x, we obtain a continuous function which interpolates the given
arithmetical function.”

M. R. Murty, Hardy-Ramanujan J. 36 (2013), 21-33



Ramanujan Sums of a Real Variable: Conjectures

Murty: “...if [f(n)] converges absolutely and we replace n by a real
number x, we obtain a continuous function which interpolates the given

arithmetical function.”

Murty’s Conjecture (MC): If f : N — N admits an absolutely
convergent Ramanujan expansion, then its real variable generalization,
f:R — C, is continuous (and hence converges).

That is,

Z‘f(q)cq(n)‘ <00 = | f(@)E(x)| < oo

q>1 q>1

M. R. Murty, Hardy-Ramanujan J. 36 (2013), 21-33



Asymptotics of ¢,(x) and o(x)
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Summary of logic:

f(q) = o(q—l) Lemma Z ‘f(q)cq(n)‘ < oo X




Ramanujan Sums of a Real Variable: Conjectures

Summary of logic:

= _ emma = C = N~
fla) = o(a7") "2 3 [F@)cq(m)| < 00 25 |3 Fla)a(x)| < oo.
q>1 q>1
Thus, if there exists some f(g) such that
fla)=olg™!) = |3 F(a)(x)| = oo,
q>1

then MC is false.



Ramanujan Sums of a Real Variable: Conjectures

A hint that MC is false:

g1(x) =x¢(2) Y Ca(x)

2
1 9




Ramanujan Sums of a Real Variable: Conjectures

A hint that MC is false:

= ¢
Obviously g=2 = o(g~ 1), but
c(0) (@) ¢(k)
2o Tl ey =™



Ramanujan Sums of a Real Variable: Conjectures

A hint that MC is false:

Though, x = 0 is pathological in general (c4(0) = c4(0) = ¢(q)).
Any novel pathologies (x € R\Q)?
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B e27rix —1
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Ramanujan Sums of a Real Variable: Results

Theorem: For fixed x € R\Q and all g > 27|x]|,

e27rix —1

©(q) + Ox(00(q))-

Eq(x) - 2mix

Corollary 1: If f : N — N admits a Ramanujan expansion with positive
Ramanujan coefficients f = Q(g~?2), then for all x € R\Q, its continuous
generalization f diverges.

Corollary 2: Murty’s Conjecture (MC) is false.

Corollary 3: The divisor function
= Yot =kl + ) Y kﬂ
dln g>1

does not continuously extend to R if 0 < k < 1 (but does for all k > 1).

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Proof of Theorem (sketch):

> u(d) = {
d|n

q/d

— &) = 3 ()Y P,
=1

dlq

1 ifn=1

0 otherwise
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Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Proof of Theorem (sketch):

> u(d) = {
d|n

q/d

— &) = 3 ()Y P,
=1

dlq

1 ifn=1

0 otherwise

x € R\Q allows us to use geometric sum (and not worry about ¢ — o0):

Eq(X) _ (1 o e27ri><) Z :u(q/d)

e—2mix/d _ 1"
dlq
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> u(d) = {
d|n

q/d

— &) = 3 ()Y P,
=1

dlq

1 ifn=1

0 otherwise

x € R\Q allows us to use geometric sum (and not worry about ¢ — o0):

Eq(X) _ (1 o e27ri><) Z :u(q/d)

e—2mix/d _ 1"
dlq

Since g > 27|x|,

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Proof of Theorem (sketch):

1 ifn=1 a/d

Zﬂ(d) _ { . S Cq Zﬂ’ ZeZﬂildx/q'
d|n =1

0 otherwise dla

x € R\Q allows us to use geometric sum (and not worry about ¢ — o0):

~ X IU/(q/d)

Cq(X) = (1 a 62 )Z —2mix/d _ 1"

e 1
dlq
Since g > 27|x|,
cG(x)  _ p(q/d) p(q/d)
(1 _ e27ri><) - Z e—27rlx/d + Z —27TlX/d —1

dlq d|q
d<2m|x| d>2m|x|

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Proof of Theorem (sketch):

1 ifn=1 a/d

Zﬂ(d) _ { . S Cq Zﬂ’ ZeZﬂildx/q'
d|n =1

0 otherwise dla

x € R\Q allows us to use geometric sum (and not worry about ¢ — o0):

~ X IU/(q/d)

Cq(X) = (1 a 62 )Z —2mix/d _ 1"

e 1
dlq
Since g > 27|x|,
G(x) p(q/d) p(q/d)
(]_ _ e27rix) - Z —27TlX/d + Z —27rlx/d —1

dlq
d<2m|x| d>27r\x\

Ox(1)

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9
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Proof of Theorem (sketch):
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(1 _ e27rix —2mix/d _ 1
dlq

d>2m|x|
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Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Proof of Theorem (sketch):

CONPYRIS g (L)

(1 _ e27rix —2mix/d _ 1
dlq
d>2m|x|

Mobius inversion, g = ¢ * 1 = ¢ = g * pu, implies
q _ ay ., _
%u(d)dw(q) = % M(d>d7<p(q)+OX(1).

d>2m|x|

Thus,

= (@) (-2 +00) =52 s o

dlq
d>2m|x|

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Proof of Theorem (sketch):

Altogether,
cq(x) ©(q)
— = — O, O, (1). ]
(1 _ e27TIX) 2ix + (Uo(q)) + ( )
Theorem: For fixed x € R\Q and g > 27|x|, then
B eZﬂ'ix -1

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Proof of Theorem (sketch):

Altogether,

(]_ iq(e);grlx) = _9207(77)3 + OX(UO(q)) + Ox(l) ]

Theorem: For fixed x € R\Q and g > 27|x|, then

eZﬂ'ix -1

Eq(X) = ©(q) + Ox(o0(q))-

2mix
Corollary 1: If f : N — N admits a Ramanujan expansion with positive
Ramanujan coefficients f = Q(g=?), then for all x € R\Q, its continuous
generalization f diverges.

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: Ramanujan Expansions

Proof of Corollary 1:

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: Ramanujan Expansions

Proof of Corollary 1:
Fx) = Fla)e(x)

= Y @)+ Y @)
1<q<2m|x]| q>27|x|

0.(1)

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: Ramanujan Expansions

Proof of Corollary 1:

= > f(a)&(x)
q>1
= > g+ > F@)E)
1<g<2m|x| q>27|x|
Ox(1)

Since x € R\Q and g > 2|x|, by the Theorem

2mx -1

> @)% =—=— > faw(@+ > F(a)0x(oo(a)).

q>27|x| q>27|x| q>27|x|

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: Ramanujan Expansions

Proof of Corollary 1:

Fx) = > F(a)E(x)

= > @0+ Y A@)EX)
1<q<2rl g>2nlx

0.(1)

Since x € R\Q and g > 2|x|, by the Theorem

2mx -1

Y @)=t Y Fae@+ Y a)0doola))
q>27|x| q>27|x| q>27|x|
By f(q) = Q(q~2) and positivity, f(q) > Cq~2, so

DIC) q)>CZSO ) = co. O

q>27|x| g>1

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: Ramanujan Expansions

Murty's Conjecture (MC): If f : N — N admits an absolutely
convergent Ramanujan expansion, then its real variable generalization,

f:R — C, is continuous (and hence converges).

Theorem: For fixed x € R\Q and all g > 27|x]|,

e27rix -1

7 #(a) + Ox(00(q)).

&(x) =

Corollary 1: If f : N — N admits a Ramanujan expansion with positive
Ramanujan coefficients f = Q(g~2), then for all x € R\Q, its continuous

generalization f diverges.

Corollary 2: MC is false.

M. R. Murty, Hardy-Ramanujan J. 36 (2013), 21-33; M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: Ramanujan Expansions

Murty's Conjecture (MC): If f : N — N admits an absolutely
convergent Ramanujan expansion, then its real variable generalization,

f:R — C, is continuous (and hence converges).
Theorem: For fixed x € R\Q and all g > 27|x]|,

e27rix -1

2miX

Co(x) = ©(q) + Ox(00(q))-

Corollary 1: If f : N — N admits a Ramanujan expansion with positive
Ramanujan coefficients f = Q(g~2), then for all x € R\Q, its continuous
generalization f diverges.

Corollary 2: MC is false.
Proof: g2 € Q(g=2?)No(q~!), so Corollary 1 implies MC is false.

M. R. Murty, Hardy-Ramanujan J. 36 (2013), 21-33; M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: 5,(x) and o1(n)

Corollary 3: The generalized divisor function

Gi(x) = Xk +1) Y ?k(fl)

q>1
e converges absolutely for all x € Z if k > 0,
e converges absolutely for all x e R if kK > 1,

e diverges for all x e R\Q if 0 < k < 1.

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: 5,(x) and o1(n)

Corollary 3: The generalized divisor function

Gi(x) = Xk +1) Y ?k(fl)

q>1

e converges absolutely for all x € Z if k > 0,
e converges absolutely for all x e R if kK > 1,

e diverges for all x e R\Q if 0 < k < 1.

In particular,

d|n q>1

does not continuously extend to R.

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: Divergent Expansions

Ramanujan’s and Hardy’s zero functions

Bram(0) = 3 ) and B () = 37 S0,

q>1 q

G. H. Hardy, Ramanujan: Twelve Lectures on Subjects Suggested by his Life and Work. Cambridge, 1940.



Ramanujan Sums of a Real Variable: Divergent Expansions

Ramanujan’s and Hardy’s zero functions

bt~ D g 0 35

q>1

Number-of-divisors function

ao(x) :

G. H. Hardy, Ramanujan: Twelve Lectures on Subjects Suggested by his Life and Work. Cambridge, 1940.



Ramanujan Sums of a Real Variable: Divergent Expansions

Ramanujan’s and Hardy’s zero functions

bt~ D g 0 35

q>1

Number-of-divisors function

ao(x) :

-y 9895 ().

=1 9
Most interesting (at least to us) is failure of extension for a1(n),
~ cq(x)
o1(x) = x((2) Z —
q>1 q

Question: Does there exist a continuous extension of o;7?

G. H. Hardy, Ramanujan: Twelve Lectures on Subjects Suggested by his Life and Work. Cambridge, 1940.



A (Not-So-Exciting) Continuation of o4(n)

Idea: 7(x) converges for all x € R if k > 1. Find M, A, such that

M
51(x) =Y AGk(x).
k=2

(An “impure” Ramanujan expansion.)

G. Cappola, M. R. Murty, J. Number Theory, 185 (2018), 16-47



A (Not-So-Exciting) Continuation of o4(n)

For a € Z\{0} with divisors d, ..., dy, where N = op(c), define



A (Not-So-Exciting) Continuation of o4(n)

For a € Z\{0} with divisors d, ..., dy, where N = op(c), define

Newton's sums approach:

P.(d) =0
P.(d) =0

. —
P, (dy) =0

aNdlk+N+"'+81d1k+1 +aod{< =)

andstV 4o 4 dk 4 apdk =0

andfN o ardT - apdf =0



A (Not-So-Exciting) Continuation of o4(n)

For a € Z\{0} with divisors d, ..., dy, where N = op(c), define

Newton's sums approach:

Pa(di) =0 and N 1o adit 4 agdk =0

P.(dy) =0 ands™N 4 adE T agdk =0
. :>

Po(dyn) =0 andy™ 4+ -+ ard\ T + apdl = 0

Adding terms,

an (N MY o ag (df 4 df) =0

oken(a) ox(a)




A (Not-So-Exciting) Continuation of o;(n)

Thus,
1
ok(a) = . (aN0k+N(a) 4+ .+ alak+1(a)).
0



A (Not-So-Exciting) Continuation of o4(n)

Thus,
1
ok(a) = . (aN0k+N(a) 4+ .+ alok+1(a)).
0

Ultimately, this defines an impure Ramanujan expansion for o1 (n):

ZZ{ ”% dr,....dn) C(N+2—j)aN+1

e gh+2—J cal@):

q>1 j=0



A (Not-So-Exciting) Continuation of o4(n)

Thus,
1
ok(a) = o (anokin(a) + - + a1oksa(a)).
0

Ultimately, this defines an impure Ramanujan expansion for o1 (n):

1)y tlei(dy,...,d N+ 2 — j)aN+1i-i
ZZ{ ej ldN N) C( +qN+2JL ]cq(a).

q>1 j=0

Get continuous impure Ramanujan expansion by taking cq — ¢4

J+1e d1 d N+2 xNFL=J
ZZ{ ( o n) < +q/v+2j); ]Cq( )

g>1 j=0




A (Not-So-Exciting) Continuation of o4(n)

Thus,
1
ok(a) = o (anokin(a) + - + a1oksa(a)).
0

Ultimately, this defines an impure Ramanujan expansion for o1 (n):

1)y tlei(dy,...,d N+ 2 — j)aN+1i-i
ZZ{ ej ldN N) C( +qN+2JL ]cq(a).

q>1 j=0

Get continuous impure Ramanujan expansion by taking cq — ¢4

J+ ej d1 d N+2 xNFL=J
ZZ{ ( o n) < +q/v+2j); ]Cq( )

g>1 j=0

Obviously fails, for only guaranteed to interpolate on (o — 1, v + 1).



Where to next?




Other Ideas: What causes o; to diverge?

Theorem: For fixed x € R\Q and all g > 27|x],

e27rlx -1

Ellsg) = ©(q) + Ox(00(q))-

2mix



Other Ideas: What causes o; to diverge?

Theorem: For fixed x € R\Q and all g > 27|x],

_ e27rix_1
Ca(x) = —5——¢(a) + Ox(oo(q))-
27ix 2mix
~ (3 1 e 111
() = () + 5 |
t




Other Ideas: What causes o; to diverge?




Other Ideas: What causes o; to diverge?




Other Ideas: Ramanujan Tau Function

The Ramanujan Tau function, 7 : N — Z, is defined as

A(z) = Zr(n)eQ”iz

n>1

where A(z) is the modular discriminant.



Other Ideas: Ramanujan Tau Function

The Ramanujan Tau function, 7 : N — Z, is defined as

A(z) = Zr(n)eQ”iz

n>1

where A(z) is the modular discriminant.

o 7(10) = —115920
e 7(15) = 1217160



Interpolation of 7(n) (real part)




Thank you!



Proof of Theorem




Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Theorem: For fixed x € R\Q and g > 27|x|, then

eZﬂ'ix -1

cq(x) = (q) + Ox(0(q))-

2mix

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Proof of Theorem:

> _u(d)= {
dln

1 ifn=1

0 otherwise k=1 d|(k,q)

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Proof of Theorem:

> _u(d)= {
dln

1 ifn=1

0 otherwise k=1 d|(k,q)

Swapping order of summation,

q/d
Zx) = 3 ld) D e,
d|q =1

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Proof of Theorem:

> ud) = {
s

1 ifn=1

0 otherwise k=1 d|(k,q)

Swapping order of summation,

q/d
Zx) = 3 ld) D e,
d|q =1

But for all x € R\Q, |e?™/4| < 1, so

00 = (1Y BD
dlq

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Since q > 27|x|,

G(x) w(q/d)

(1 o e27rix) Ew e727rix/d —1

S wla/d) 3 p(q/d)

e—2mix/d _ 1 e—2mix/d _ 1
dlq dlq
d<2m|x| d>2m|x|

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Since q > 27|x|,

G(x) w(q/d)

(1 o e27rix) Ew e727rix/d —1

S wla/d) 3 p(q/d)

e—2mix/d _ 1 e—2mix/d _ 1
dlq dlq
d<2m|x| d>2m|x|

Notice, for the first sum

(27

1(q/d)
Z e—2mix/d _ 1 = Z
dlq Jj=1
d<2m|x|

1
e—2mix/j _ 1

-0,

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Since q > 27|x|,

G(x) w(q/d)

(1 o e27rix) Ew 6727rix/d —1

S wla/d) T p(q/d)

e—2mix/d _ 1 e—2mix/d _ 1
dlq dlq
d<2m|x| d>2m|x|

Notice, for the first sum

(27

p(q/d) 1 _
Z e—2mix/d _ 1 = Z e—2mix/j _ 1 - OX(]')
d|q j=1
d<2m|x|
Thus,
G(x) 1(q/d)
(1 _ e27r/x) - OX(]') + % e—27rix/d _ 1
d>2m|x|

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

For the second sum, by Taylor expansion of the exponential and

d > 27|x|,
(q/d 1
> e—lzirZ/d)_]_:_%ﬂ-X > ou($)d+ X u(d)ow.
el dlq d|q
d>27|x| d>2r|x| d>2m|x|

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

For the second sum, by Taylor expansion of the exponential and

d > 27|x|,
d 1
> 6—5752//:1)_1:_27”-X > ou($)d+ X u(d)ow.
el dlq d|q
d>27|x| d>2r|x| d>2m|x|

But Mobius inversion of Gauss' sum Zdlq ©(d) = q gives
©(q) = >_g)q1(a/d)d. So,

>oou (g) d=¢(q)— Y u (g) d = ¢(q) + Ou(1).

dlq dlq
d>27|x| d<27|x|

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

For the second sum, by Taylor expansion of the exponential and

d > 27|x|,
d 1
> 6—5752//:1)_1:_27”-X > ou($)d+ X u(d)ow.
el dlq d|q
d>27|x| d>2r|x| d>2m|x|

But Mobius inversion of Gauss' sum Zdlq ©(d) = q gives
©(q) = >_g)q1(a/d)d. So,

>oou (g) d=¢(q)— Y u (g) d = ¢(q) + Ou(1).

dlq dlq
d>27|x| d<27|x|
Similarly,
q _
> 1(F) 0x(1) = Oxloo(9))
dlq
d>27|x|

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Altogether,
Glx) 1(q/d) 1(q/d)
(1 _ e27rix) - Z e—2mix/d _ 1 + Z e—2mix/d _ 1"
dlq dlq
d<2m|x| d>27|x|
O«(1) — 525 (a)+0x(00(q))

Hence, for fixed x € R\Q and ¢ > 27|x],

e27rix —1

Cq(x) = ©(q) + Ox(00(q))-

2mix

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9



Ramanujan Sums of a Real Variable: ¢,(x) = O,(¢(q))

Altogether,
Glx) 1(q/d) 1(q/d)
(1 _ e27rix) - Z e—2mix/d _ 1 + Z e—2mix/d _ 1"
dlq dlq
d<2m|x| d>27|x|
O«(1) — 525 (a)+0x(00(q))

Hence, for fixed x € R\Q and ¢ > 27|x],

e27rix —1

Cq(x) = ©(q) + Ox(00(q))-

2mix
So, as desired, we have proven

Theorem: For fixed x € R\Q and g > 27|x|, then

~ e27rix —1
Ca(x) = —5——(q) + Ox(o0(q)).

M. Fox, C. Karamchedu, Ramanujan J. 55 (2021), 1-9
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