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Let S be some Physical System

With Measurable Properties A B and C



S A B C

Car Speed Color Position

Star Mass Luminosity Angular
Momentum

Electron Dc spin Y spin Z spin



Measure Properties A B and C of S Many

times and collect statistics

Ns A B C
of times s has

Properties A B and C

N A B E
of times s has

Properties A B and Not C



A systems S with Properties A BTheoremi
and c it holds that

Ns A B Ns B E Z Ns A E

Delineated



Theorem Ns A B Ns B E Z Ns A E

Proof RHS Ns A E

Ns A B E t Ns A B E

LHS Ns A B Ns B E

Ns ABC Ns AB E

Ns A B E t Ns I B E

Ns A B C t Ns I B E RHS

Hence

LHS Z RHS Hate



Quantum Mechanics Can

Violate this inetuality



consider system S consisting of electrons

e ea such that

a d

e ez

statele es 111 Hazdz

ooo
Maximallyentangiedin



spin of e along Z axis

Z

I Tz

Boy

v00 a
K

Bingsphere

4162



Z

Rz

M

I boy

x

t.kz

147 Cos 8112 teasing 11



spin of e along O axis

Z

172

11 9 72
O

Boy

X

th

110 cos 8142 sing 11oz

Ido Sing 1427 cos811oz



Claire If

S Maximally entangled electrons eyes

A spin of e along Z axis

B Spin of ey along
o axis

C spin of ez along 20 axis

and

Ns A B Ns B E Z Ns A E

then

I 1

Concluded QM Violates the Bell inequality



Run experiment M times

Then

Ns A B M Pr A B

M.Pr A B Pr B

But
B Spin of ez along O axis

Pr B Pr statelea 1407

I Pr state es to



Recall

state enea YzYz t Hazdz

1 1 11 to

Therefore

Pr state es to Pr State er er 1 11

I

an Pr B I



Then

Ns A B M.Pr A B Pr B

Pr AIB
Recall

A Spin of e along Z axis

so

Pr A B Pr Statele 14z stateless Ido

SMG
yg s.mg CosEthnD



S Maximally entangled electrons eyes

A spin of e along z axis

B Spin of ey along
o axis

C spin of ez along 20 axis

Ns A B Ns B E Z Ns A E

IsingIsing Sino



Left with the inerality

Sing Sing 2 Sinko

to

2 Sing Sino

Is this true for all 0



I No Take 02041 so that

sin 0 0

Then

25in 282 Sino

Fa

I z 02

Fa

t I
contradiction



CAVersiongfBelistheoren

S Maximally entangled electrons eyes

A spin of e along Z axis

B spin of ez along
O axis ology

C spin of ez along 20 axis

then

Ns A B Ns B E 2 Ns A E

NiolationoftheVBell inequality



Let's go back

theorem f systems S with Properties A B

and C it hots that

Ns A B Ns B E Z Ns A E



Belistgen
S Maximally entangled electrons eyes

A spin of e along Z axis

B spin of ey along O axis ology

C spin of ez along 20 axis

then

Ns A B Ns B E 2 Ns A E

NiolationoftheVBell inequality



fEI.tw
y entangled electrons cannot have

definite Z O and 20 Spin simultaneously

I e there are no local hidden variables



a d

e ez

state enea 11ztz Hazdz

1 1 11 to

q
Independent of d Non locality



Is lesson of Bell's theorem that

QM is nonlocal

I Maybe

fiddenAssumption Measurements have one outcome

OI Is that reasonable



Everettian Many Worlds QM

Take seriously that everything is quantum

Measure electron e spin with detector D

and human It in the room

Stateinitia le D H Nlt Alto ready ready

Statefina e D H v14 ID says t it sees t

Blt D says I It sees I

Eachbranchawoning



Clauser Horneshimonyttoity
00

The CASH ineduality

and

Nonlocal Games



CASH and Nonlocal Games

Exploit Bell inequality for computational speedup

Alice Bob

Ma 1
Charlie

Kote No communication between Alice andBob



Stage o before game begins

Alice Bob in collaboration choose

Boolean random Variables

a o or

b 0,1 on

Their strategy
Denote a ace by by



stage 1

Charlie independently and uniformly

selects x YE 0,1

Sends x to Alice Y to Bob

Alice Bob

A
Charlie



Stage 2
using their strategy

Alice chooses a E 0,1

Bob chooses by E 0,1

2 Alice Bob 121

Charlie



Stage 3

Alice sends Charlie ax

Bob sends Charlie by

Alice Bob

Y
Charlie



Stage 4

Charlie computes

Axt by Axt by Moda

Charlie declares

win if doc by ICY

lose otherwise

Alice Bob

Charlie
4



The Nonlocal XOR Game
a.k.a CASH Game

2 Alice Bob 2

MaI

Charlie
4

Winning Condition ax by KY



What Strategy Maximizes

Pain Pr an by x

Winningtable
g y Widdiundition

O O Ao bo O

o I do b 0

I o d bozo

I I a bi l

Italy at 1 b 1 Pwin 3
4

Can they do better



Claire Optimal Pain I

Proof Suppose not Then I functions

a 0,1 0,1

b 0,13 at

such that
do bozo
do to b 0

a to bo 0

a bi 1

But then
1 0 0000 I

Eydoc by
2 ao a both

D a contradiction



Conclusion optimal strategy necessarily probabalistic

Define A fila By C it E 111

WinningK Y condition Pwiniscy IEA By

O O AoBo L Pain too Pwiniooth 1 l Pwinioo

2Pwinloo I

0 I A B I Purinton 2Pwinio I

I 0 A Bo I Pwinlio 2Pwinlio I

I 1 A B I Pwinin 1 2Pwinin



Define
A Bot A Bit A Bo A B

Claim IE c 8Pwin 4

If Eff 2 PwinioothinloitPwinnotPwinn 4

Pu x of Pr or 1 P.LY 0 Pr Y 1 L
by law of total Probability

Pain Ey Painise Pr x y

EPwinixyPr
a Pry

EyPwiniocy IE c 8Pwin 4 Am



Claim Efc 22 CHSHinervai.tt

Proof Notice
Ao A a AotA 12 Ao A O

Ao Ai Aot A 0 Ao A 1 12

C A Bot A Bit A Bo A B

Not 1 Bot Ao Ai B

Therefore
0 12 to 101 2

and so

IEC E ELICIT L Dam



Altogether
IE C 8Pwin 4

IIE e 122
Among good strategies for which Pwin 7

IE C IEC
Therefore for any good strategy

8Pwin 4 2

to

optimal

112,134 752 o

bi



QI Can Alice and Bob do better if they

use a quantum strategy

Setu 14 7
1 1017 1107

Alice
mom hhBob

Mom I
o

Stillmancommunication
Charlie



Stage o before game begins

Alice Bob in collaboration choose

Measurement operators

MA x

MB Y
and measure their side of 147

Their fuantumstrate



Claim I quantum strategy such that

Pw in 285

Prof

Warning Some Serious Math ahead



III Pauli matrices are

o Y 02 1 03 69
and satisfy for all i jE 112,3

0 0 8 I ti Ei k On

q

Of Levi Civita
Symbol

Kronecker
delta 2 2 identity

matrix

For Proof See Nielsen and Chuang



Claire Let o be any Pauli matrix and write

14 107,11 1171107

Then

0 14 7 01314 7

of Means

in
For Proof See Nielsen and Chuang



Let E o o o
ooo m i

R Ri Ra Ra E 1123 unit vector

5 Si Sa S EIR unit Vector

Then

ACE E R R F R2 Tat R3 3

Ri Tai

B 5 OF 5 S Op t 520132 530133

Siri

The vectors I and 5 determine the tuantum Strategy

Measurement operators



Claim IE A E 131513 12.5

Proof By definition in QM

IELACRIBED CE IA E 13151147
4 ICE E E 51147

But for any o

914 2 0,14 1 Etten
Therefore

IELACRIBE 4 ICE E E 51147

Eris 4 lotion 4



Claim IE A E 131513 12.5

ProofContt But recall

0 0 8 I ti Eikon

Therefore

IE A E BE ERS 4 1 0 14

Ris 41 8 I ti Eikon 47

Risi 4 14 7

R 5 Day



Alice and Bob's Quantum strategy

IFE
Bod
If 4 01 Ato go

Measure a Measure siN.g.gsBo of So a BAo Fa Ro
If 4 11 R

If 2 1

Measure Measure

A E R B of 5 p



Aa

Then

a
sidingIE A Bo R S

E I

IE AoB I
IE A Bo E
IE A B t

Recall C A Bot A Bit A Bo A B

So with this strategy

lE C 212 Eal 212



We just proved I tuantum strategy such that

LEE 2VI

But earlier we Proved the CASH inequality

HELL 22

Quantummechanicsviolater

mentioning



Earlier we also Proved

IE C 8Pwin 4

Among good strategies for which Pwin 7

IE C EEC
Therefore our quantum strategy gives

8Pwin 4 215

Pwin t'z

Conclude QM Provably outperforms CM in

XOR tonal game



Thank You
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