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leftY1P1rightleftY2P1rightclassical

computerendbecausebecause

vdotsleftYmPmright
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Efficient Classical Computer

Y1

Y2Uniform and

Poly size circuit

over Classical

gate set

encleftbecausebecauseright
vdots

r1
vdots

Vsqrt
Poly ulPolu iotaleftnright

r1ldotsr Polychl simU niform leftleft01rightright


















































































Def L BPP iff efficient classical

computer C over Universal classical

gate set such that forallxinleft01right

PrleftCleftxrightLleftxrightrightgeqnicefrac23
x1

x2

Kn

r1

sqrt
Poly

ulUniform

and

Poly size circuit

over universal

classical gate set

vdots

Lleftxright

vdots


















































































enclefttright10010110111
encode in

quantum

systemQencleftvdotsbecauserightthereforellleftharpoonuprightharpoondownleftrightarrowleftharpoonupneg I a

10010110111rangle

inleftmathbbC2nleftlanglecdotcdotrightrangleright


















































































QuantumComputerQencleftbecausebecauseright sum_zinleft01rightnbetazleftzrightrangle
Probability

PrleftYrightleftleftlangleYsum_ZbetaZZrightrangleright2
leftbetaYright2

unitary

QuantumComputer

leftmathbbC2nleftlanglecdotcdotrightranglerightrightarrowleftmathbbC2nleftlanglecdotcdotrightrangleright


















































































Efficient Quantum Computer

Uniform and

Poly size circuit

over quantum

gatesetQenc sum_zbetazleftzrightrangle


















































































Def L BQP iff efficient quantum

computer Q over a universal gate

set such that forallxinleft01right

PrleftQleftxright1Lleftxrightrightgeqnicefrac23
11rangle

x2rangle

leftxnrightrangle

a1rangle

Apolyini

Lleftxrightrangle
Uniform and

Poly size circuit

over universal

gate set

vdots

vdots


















































































Fact BPP subseteq

BQPcons
BPP subseteq BQP
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Efficient Post selected Classical computer

Y1Y2Y30Y41

x1

x2
Uniform and

Poly size circuit

over classical

Gate set

vdots

xn

r1
vdots

YPoly n 10sqrt
Poly

ulPost
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Efficient Post selected Quantum Computer

11rangle

x2rangle

leftxnrightrangle

a1rangle

Apolyini

inUniformand

Poly size circuit

over quantum

gate set

vdots

10110
vdots
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Facts

P
PostBPP

subseteqSigma3P

P05 I BQPPP

PH subseteqP
PP

Corollary

PostBPP PosBQPRightarrowP H subseteqSigma3P

HHT 1997

Aaronson 2005

Toda 1991


















































































Upshot

Quantum

MechanicsBQPNew
Complexity

classesModifiedQuantum
Mechanics


















































































Some

ExamplesPostSelection
Aaronson 05

ms Post

BQPHiddenVariables
Aaronson 05

m

DQPNonCollapsing Measurements
Aaronson et al 14

Quantum Cloning

Bao et al 16

Rewindable Measurements
Hiromasa et al 23

m

PDQPm

CBQPms
RwBQP
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IIIPhase

Erasure and MagBQP


















































































Def The Mag gate is the

Phaseerasure
mapMag

sum_xalphaxxranglerightarrowsum_xalphaxxrangle
Mag 147

Mag 41

14


















































































Observation The Mag gate is non linear

and therefore unphysical

Proof

MaglefteithetapsiranglerightMa g leftpsirangleright

neqeithetaMag leftpsirangleright


















































































observation The Mag Gate respects otimes

MagleftleftpsirangleotimesrightphiranglerightMagleftpsiranglerightotimesMagleftphirangleright
Proof

Magleftleftpsirangleotimesrightphiranglerightsum_xYalphaxbetayxYrangle
sum_xYalphaxbetayxYrangle
MagleftpsiranglerightotimesMagleftphirangleright


















































































Corollary

vdots14 14MagQ Q1
MagQ3 Q3

10 10MagQ2 Q2

Relevant for the Quiz later


















































































Observation The Mag gate is expansive

leftlangleMagleftpsirightMagleftphirightrightranglegeqleftlanglepsiphirightrangle

Proof

leftlangleMagleftpsirightMagleftphirightrightranglesum_xalphaxbetax
geqleftsum_xalphaxbetaxright
leftleftlanglepsiphirightrangleright


















































































Corollary

Mag gates cannot help distinguish

Quantum states any more than

Unitaries

can.Unitary
circ

theta

Mag
1theta leftthetaleqthetarighttheta
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IIThe

Computational Power of

Eliminating Relative Phases


















































































Def Lin Mag3l QPk iff exists uniform and Poly size

circuit family Q over a universal fate

set Mag gate S.t forallxinleft01right
Qleftxright uses leqk Mag gates

PrleftQleftxrightLleftxrightrightgeqnicefrac23
11rangle

x2rangle

leftxnrightrangle

a1rangle

aPolu1 I n1rangle

Lleftxrightrangle

vdotsu0vdotsMagvdotsu1ddotsuk
vdots

vdotsvdots

ldots


















































































Def MagBQP cupkgeq0MagBQPk

YagBQP


















































































Basic Facts aka The Quiz

BQP MagB QP0

K J MagBQPr
subseteq MagB QPk1

MagBQP subseteq Exp

K MagBQPk admits Probability amplification

K MagBQPk independent of

underlyinguniversalgate set Solovay Kitaev works


















































































EXPMagBQP3MagBQP2MagBQP

BQP


















































































No AI used save checking result

v cdot AI used in Proof ask how


















































































Result

oracle 0 S.t NP MagBap

MagBQp

NPO


















































































Proof Idea Mag Gates do not change
Grover lower bound for the

unstructured search

Problem.DefThe unstructured search Problem USP is

Input Oracle access to fleftNrightrightarrowleft01right
5 t x S t fleftxright1

Output x

Thm Bennett et al 47 on an efficient quantum

Computer USP takes OmegaleftsqrtNright Tueries


















































































Idea Ambainis 00

Suppose Q solves USP Then for f and 9 with

xf1left1right and Yq1left1rightxneqY 0

QfQf QfcdotpsiXTrangleapproxxrangleldots0nrangle

0nrangle

Therefore the states psixirangle and psiphiirangle become
increasingly distinguishable as irightarrowT

psix1rangle

QqpsiYTrangleapproxYranglepsiY1rangleQqQq
ldots

Unitaries can't distinguish quantum states so the
oracle calls are responsible and it takes

TOmegaleftsqrtNright gueries to distinguish


















































































uButMag Lates don't help distinguish

Tuantum states either

Mag10 leftthetaleqthetaright
backslash

OCorollary
Even with Polyen Mag gates

aMagBQPcomputer takes OmegaleftsqrtNright overies

to solve USP


















































































Result

oracle 0 Sit B Q 10circneq MagBQP10

BQP

µagBQP


















































































Proof Idea Mag gates help solve Collision

Problem which no BQP computer can

do.Def

The Collision Problem is

Input Oracle access to fleft01rightnrightarrowleft01rightn
that is either 1 I or 21

output Decide

which.ThmAaronson 01 on an efficient quantum

computer collision takes Omegaleft2n5right averies


















































































Result With one Mag gate an efficient

Quantumcomputercan solve collision with 0left1right

queriesProofSketch

n N
HnHxM̅ag10

HOfx ̅
tons14

142143


















































































otimesn N
H

otimesn
H xM̅agI 0n H

Of
nearrow

1 onrangle

14 l psi2ranglepsi3rangle

psi1ranglesum_xinf1leftyrightleft1rightxcdotwwrangleYsimImleftfright

14 Very sensitive
to leftf1leftYrightright


















































































2 11 1

psi2ranglesum_winleft01rightnwrangle
psi3rangleHotimesnpsi2rangle

0nrangle

Measure

Prleft0nright1

beginmatrixpsi2ranglesum_winleft01rightnwranglewcdotleftx1oplusx2right0endmatrixpsi3rangleHotimesnpsi2ranglefrac1sqrt2left0nranglex1oplusx2rangleright

Measure

Prleft0nrightnicefrac12


















































































Result SZK MagBQP

SZKMagBQP






































Def The statistical difference Problem SDP

Input Circuits C0C1left01rightnrightarrowleft01rightm
that on input xsimleft01rightn Live
distributions Do D1

respectively.OutputYES if TVDleftD0D1rightgeqnicefrac23
NO if TVDleftD0D1rightleqnicefrac13

Def Sahai Vadhan 03

L E SZK iff it is Karp reducible to

SDP.ThmOkamoto 00 cos ZK SZK



EX GIESZK

Given G0G11 et c0 and c1 be circuits

that on a random input output a random

Permutation of G0 and G1 respectively

If G0congG then

TVDleftD0D1right0
If G0ncongG1 then

TVDleftD0D1right1



Proof Idea for SZK MagBQP

Given SDP instance C0C1left01rightnrightarrowleft01rightm Prepare

Phibranglefrac1sqrt2nsum_Yinleft01rightmeithetaleftYrightsqrtNbleftYrightYrangle
where

binleft01right

NbleftYrightleftCb1leftYrightright
Theta is any fric



Then

PsibrangleMagleftPhibrangleright

frac1sqrt2nsum_Yinleft01rightmsqrtNbleftYrightYrangle
sum_Yinleft01rightmsqrtDbleftYrightYrangle
D0approxD1RightarrowPsi0rangleapproxPsi1rangle

D0napproxD1RightarrowPsi0rangleapproxPsi1rangle

so

State
discrimination
task doable

in BQP



i
How to Prepare

Phibranglefrac1sqrt2nsum_Yinleft01rightmeithetaleftYrightsqrtNbleftYrightYrangle
Take a random walk

Fact For sigma1ldotssigmaNsimleft11rightXsum_isigmai has

IEleftleftxrightrightapproxsqrtN



To Prepare 1Phib17

Define random looking fleft01rightnrightarrowleft01right
Prepare

frac1sqrt2nsum_xleft1rightfleftxrightxranglecbleftxrightranglefrac1sqrt2nsumleft1rightfleftxrightxrangleYrangle
xinCb1leftYright

Hadamard x register and apply Mag

ZrangleYranglefrac1sqrt2nsum_YZsum_xinCb1leftYrightleft1rightfleftxrightxcdotz
Sum of NbleftYrightleftCb1leftYrightright

random signs so is approxsqrtNbleftYright



Corollary

sqrtfracnlognGapSVPinMagBQP1
Goldreich
Goldwasser

l
Oleftlright

hard
Poly n
crypto

2n
easy

Bennett Diagram

war A Single Mag Late destroys

Security guarantee of Many

lattice based crypto Protocols



Result MagBQPksubseteqBQPCkP where CkP

is the Kth level of the

counting hierarchy C0PPCkPppck1P

MagBQPkCKP

BQP



Proof Idea use Gapp characterization of PP and BQP

Def f C Gapp iff Poly time NTM M S.t

f In M
a tan

L
me at forallxxinLLeftrightarrowfleftxright0

Thm Fortnow Rogers 98

Quantum States psiranglesum_YalphaYYrangle realized bUi

an efficient quantum computer Gapp f and Poly P

5 t

alphaYfracfleftYrightsqrt2Pleftnright



If Lin MagBQPy then

Lleftxrightrangle
Magvdots

Q2vdots12 Q1

sum_YfracfleftYrightsqrt2PleftnrightYrangle sum_YfracleftfleftYrightrightsqrt2PleftnrightYrangle
To simulate Mag suffices to decide sign

of fEGapP But that's PP

Relativized Version gives

MagBapkappasubseteq BO pCKPMagBQP1subseteq β QP
PP



SZKMagBQ

Pr.BQPCKP



Open Questions

Can we break LWE with Poly n

Mag gates
m If So Post Quantum crypto not secure

in world with Mag Gates

PosMagBQPkCk1P
m If so then generalizes Aaronson's

PostBQP PP to all levels of the CH

Also suggests simulating 2 May gates with
1 May gate implies CH collapse



Thank You

Questions


